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Abstract 
Flotation is a significant separation process widely used in many industrial processes. The 
fundamental principle of conventional flotation is the capture of hydrophobic particles by 
the rising bubble where surface properties play an important role. With the development of 
the mining industry, coarse and composite ore particles of low grade face the biggest 
challenge of high detachment efficiency. The key to understanding bubble–particle 
aggregate stability is to determine whether or not the adhesive force, acting on the three 
phase contact line, is sufficient to prevent the destruction of the aggregates under the 
complex conditions in a flotation cell. The literature review shows that the current force 
analysis of the bubble-particle stability is all based on the ideal case of spherical particles 
and constant contact angle. However, in reality, particles are usually non-spherical, and 
the contact angle is not constant due to the surface roughness and chemical heterogeneity. 
This Ph.D. study aimed to investigate the effect of contact angle hysteresis on the stability 
and detachment of attached particles. Specifically, the research was conducted regarding 
particles floating on gas-liquid interface. 
 
To analyze the stability and detachment of the floating particles at the air-water interface, it 
is essential to obtain the interface shape of the meniscus, which is governed by Young-
Laplace equation (YLE). It is a highly nonlinear differential equation involving many 
important factors such as contact angle, contact radius, and surface tension. In Chapter 3, 
a novel algorithm for solving YLE is developed for the numerical fitting to match the 
experimental results to quantify the meniscus deformation. The application of the algorithm 
is successfully demonstrated using the experimental data for the deformation of external 
menisci of the air-water interface around a sphere. 
 
Furthermore, the algorithm and parameter fitting method were applied to investigate the 
contact angle hysteresis. The contact angle of single floating spheres at air-water interface 
was repeatedly determined. A normal distribution of contact angle for the single spheres 
was discovered. It indicates that contact angle hysteresis occurs randomly due to the 
dispersion of surface roughness. However, contact angle calculated from the force 
balance method gave higher values than that from the meniscus-fitting method. The 
reason is that the force balance method gives an average contact angle calculated based 
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on the ideal smooth surface without consideration of small-scale roughness which causes 
the contact angle hysteresis. 
 
The contact angle hysteresis can also be affected by the geometry of sharp edges, known 
as Gibbs Inequality Condition (GIC). The contact line is normally pinned at the edge. 
Chapter 5 investigated the effect of GIC on the forces governing the stability and 
detachment of floating particles. Spheres were truncated with different angles. The force 
pushing the truncated sphere into the water was measured. The experimental data agreed 
with the theoretical results. The outcome shows the existence of a critical truncated angle 
over which the GIC is important. In this case, the conventional theory is no longer valid. 
 
Lateral interaction among floating particles can be important in supporting their floatability. 
Chapter 6 quantified the effect of the lateral interaction by experiments and theoretical 
development. The force of supporting a pair of floating spheres was measured using a 
force sensor. The floatabiltiy of multiple particles was determined by film flotation. 3D YLE 
was numerically solved. The result was used to calculate the vertical and horizontal forces 
on the spheres. A good agreement between experimental data and theoretical models was 
obtained. The results show the contact angle along the contact line on the pair spheres is 
not constant and is the key factor in influencing the lateral attraction between spheres and 
the floatability of multiple particles. 
 
In summary, this research is aimed to investigate the role of contact angle hysteresis in 
determining stability and detachment of floating particles. Contact angle hysteresis caused 
by small-scale surface roughness was confirmed by measuring the contact angle of the 
single floating spheres. The GIC was verified through theoretical modeling and 
experimental results. The floatability of a pair of floating spheres was examined by 
measuring the force pushing the spheres into the water and numerically solving the 
3DYLE as well as calculating the vertical forces and lateral interactions.  To further 
understand the effect of contact angle hysteresis on stability and detachment in practice, 
more research efforts are demanded into the surface chemistry of flotation. Specifically, 
the quantification of surface roughness, the recognition of particle shapes, and the 
collector adsorption are required to be considered in related to the contact angle 
hysteresis in the future study. 
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Introduction 
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1.1 BACKGROUND 
Flotation is a highly versatile method for physically separating particles based on differences 
in the ability of air bubbles to selectively adhere to specific mineral surfaces in a mineral/water 
slurry [1]. The particles with attached air bubbles are then carried to the surface and removed, while 
the particles that remain completely wetted stay in the liquid phase. This feat is achieved by 
exploiting differences in the physicochemical surface properties of the various minerals in the ore. 
Reagents, such as collectors, frothers, and modifiers, are added to the process to change the surface 
properties of selected mineral species, accentuating the differences in surface properties and 
allowing greater separation.  
With the depletion of ore mineral deposits and decrease of ore grade, there is a demand to 
improve the flotation behavior of coarse and composite particles for the purpose of energy 
conservation and efficient utilization of minerals, where the most challenging problem is a high 
bubble/particle detachment rate. Researchers have specifically studied the effect of particle size and 
shape on flotation behavior in qualitative terms, and others attributed some physical parameters 
such as size, density and contact angle to the recovery of specific ore types by flotation. However, 
to fully understand the attachment of particles on bubbles and gas-liquid interface surfaces, it is 
essential to start with the fundamentals such as basic processes of bubble-particle interactions and 
force analysis during the process of flotation [2]. 
The essential problem in understanding bubble–particle aggregate stability is to determine 
whether or not the adhesive force, acting on the three phase contact line, is sufficient to prevent the 
destruction of the aggregate under the dynamic conditions which exist in flotation. The current 
model of force analysis used to indicate the stability of bubble-particle aggregates was established 
in the ideal case where a spherical particle is attached to a bubble or gas-liquid interface, and the 
contact angle is considered to be at equilibrium. Researchers have realized the importance of 
advancing and receding contact angles on hydrodynamic conditions and developed the models by 
introducing these factors. However, there is no consideration of contact angle variation, caused by 
surface heterogeneity such as surface discontinuity and roughness, during the detachment process. 
It is concluded that, according to multiple experimental results, contact angle hysteresis plays 
an important role in stabilizing floating objects on a gas-liquid interface. Factors such as particle 
shape and surface heterogeneity affect the stability of the three phase contact in a complex way 
which is hard to distinguish and demonstrate directly. Researchers have developed different theories 
to predict contact angle hysteresis due to the edge effect (Gibbs Inequality theory) and surface 
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roughness as well as surface chemical heterogeneity (Wenzel and Cassie’s theory) [3]. However 
these theories were only validated by means of contact angle measurement, and effect of contact 
angle hysteresis on attachment between particles and bubbles/gas-liquid interfaces were not 
examined. 
This project aims to develop a better understanding of the role of contact angle hysteresis 
caused by surface heterogeneity in stabilizing floating particles by developing proper models and 
providing important data to elucidate mechanisms. 
1.2 OBJECTIVES 
The overall objective of this project is to investigate the effect of contact angle and contact 
angle hysteresis on the stability and detachment of particles in flotation. Specific objectives are as 
follows: 
 To develop a reliable methodology for determining contact angle of a floating sphere. 
 To apply the developed methodology to determine contact angle of floating spheres with 
molecularly rough surfaces and quantify the variation of contact angle. 
 To investigate the role of particle geometry in stabilizing the floating particles and in the 
detachment process.  
 To investigate the role of inter-particle lateral interaction in determining the stability and 
detachment of floating particles.  
1.3  HYPOTHESES 
 The contact angle on spheres is related to meniscus deformation.  
 Surface heterogeneity can cause variation in the contact angle of attached particles.  
 The Gibbs inequality condition can change the contact angle and affect the stability and 
detachment of floating particles. 
 Inter-particle lateral interaction can increase the force of adhesion and thereby increase the 
stability of floating particles.  
1.4  STRUCTURE OF THE THESIS 
This thesis is organized into seven chapters. Chapter 1 is a brief introduction of the 
background, objectives, and hypotheses of the project. Chapter 2 provides a literature review of 
conventional models of force analysis and detachment, and the effect of contact angle hysteresis. 
Chapter 3 develops a novel method of analyzing the local deformation caused by a floating sphere 
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at the air-water interface. Chapter 4 explores the floating behavior of single particles in the context 
of contact angle measurement. Chapter 5 investigates the effects of the Gibbs inequality condition, 
and contact angle hysteresis caused by edges, on the stability and detachment of spheres at the free 
water surface. Chapter 6 further compares the flotation behavior of particles with different shapes, 
and the effect of inter-particle lateral interaction on the stability of floating particles was explored 
through force analysis of a pair of floating spheres. The final chapter summarizes the conclusions 
and gives recommendations for future work.  
REFERENCES 
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Chapter 2 
Literature review - Effect of contact angle and contact angle hysteresis on the 
stability and detachment of the particles at gas-liquid interface 
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ABSTRACT 
A great deal of research efforts has been expended investigating the stability and detachment 
of floating particles, which is of great importance for many wetting process including floatation. 
The stability and detachment of floating objects is determined by the tenacity of the three-phase 
contact, where contact angle acts as a key factor to determine the supporting force. The current 
theories of force analysis and detachment modeling for particles of different shapes were reviewed 
with the solution of the Young-Laplace equation to examine the stability of the three phase contact 
in respect of a constant contact angle. However, the contact angle is altered by many physical and 
chemical factors such as objects shape and size as well as surface roughness. Contact angle 
hysteresis and the inter-particle interactions are essential for the stabilization of floating objects on a 
gas-liquid interface. Factors such as particle shape and surface heterogeneity affect the stability of 
the three phase contact in a complex way, including (i) particles of different shapes show different 
tenacities when floating on a gas-liquid interface, and those with edges show stronger adhesion 
forces, therefore, are less likely to detach from the free surface; (ii) surface heterogeneity such as 
random roughness and uneven distribution of different materials makes it difficult to quantify the 
effects of contact angle hysteresis and (iii) the interaction among floating particles significantly 
affects the floating process of those particles. Therefore, the hypothesis of constant contact angle in 
the present detachment models should be modified. The difficulties involved to simulate particle 
detachment from a bubble include the determination of the tenacity position where there exists 
maximum adhesive force, as well as the solution of the Young-Laplace equation in three 
dimensions. First, the current flotation theories are reviewed, and the influence of contact angle 
hysteresis on the stability and detachment of the floating particles is considered. Then, the effect of 
interactions among floating particles on their stability and the detachment process are also reviewed 
and discussed.  
Keywords: contact angle hysteresis; gas-liquid interface; lateral interaction; detachment 
 
2.1  INTRODUCTION  
Many natural and industrial processes involve the behavior of floating objects on a gas-liquid 
interface. Natural examples include insects walking and climbing on a meniscus on the surface of 
lakes and rivers [1]. Industrially, floating objects are critical to the flotation separation of gold, 
diamonds and many other valuable minerals using air bubbles [2]. Flotation works very well for 
particles in a typical concentration range which vary for different ore minerals. Within that range, 
high recoveries can be obtained via conventional flotation machines, whereas out of this range the 
recoveries are independent of the particle size and decrease progressively [3]. However, as ore 
grades of existing and new deposits continue to decrease there is ever increasing pressure to 
decrease operating costs and maintain profitability at existing mine sites as well as for new projects. 
One possible solution to this dilemma is to increase the treatment rate using coarse particle flotation 
at the expense of marginal decreases in recovery due to higher detachment efficiency. Therefore, 
there is an urgent need to decrease the detachment of coarse particle from air bubbles to achieve a 
higher recovery. 
Floating behaviors are supported by capillary forces generated by the deformation of the 
water surface. Researchers have established a quantitative link between surface hydrophobicity and 
floating stability with a simplified case, such as a perfect homogeneous sphere attaching to the gas-
liquid interface, by applying the force analysis method [4-6]. Other investigators built models to 
predict detachment in the case of bubble-particle aggregates [7, 8]. Despite the advances, the 
physical and chemical principles underlying floating and detachment on a free surface have not 
been fully elucidated. Important parameters such as surface roughness and chemical heterogeneity 
are not involved in these models. In conventional theories, the contact angle is treated as a constant, 
either as the equilibrium contact angle or advancing contact angle. However, contact angle 
hysteresis exists everywhere and all the time along with the detachment process due to the existence 
of flaws in the particle surfaces. 
Contact angle has been studied widely from the last century, and the implications for wetting 
procedures have been delineated by Kwok and Neumann [9]. These investigators carried out many 
contact angle measurements on a flat surface, and an equilibrium contact angle was obtained to 
describe surface hydrophobicity and floatability in flotation. However, the contact angle of real 
particles in a floating procedure is extremely hard to measure due to the heterogeneity of a surface 
that influences the wetting phenomena. Contact angle hysteresis occurs inevitably because of the 
surface geometry [10] and chemical heterogeneity. The biggest challenge for experimental 
techniques is to measure the contact angle locally at the lowest scale and relate this value to the 
larger scale so that the contact angle can be measured in real applications [11]. Theoretically, the 
main challenges are to quantify the contact angle hysteresis according to the shape effect and 
surface heterogeneity, as well as analysis of three-dimensional conditions associated with contact 
angle hysteresis [12]. The difficulties of determining the three phase contact (TPC) will be 
discussed in detail. Though a few theories and methods have been developed and advanced, their 
validity and applicability are still an on-going debate. Wenzel and Cassie's theories are commonly 
used to quantify the real contact angle on surfaces with roughness and heterogeneity respectively 
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[13, 14]. Much experimental work has been conducted by the researchers, from nanometer to 
millimeter scale, with a range of different surfaces. While the available theories deal with contact 
angle in quiescent conditions, there was evidence that contact angle was different in the dynamic 
condition, namely, advancing contact angle where particles are moving towards the liquid phase 
and receding contact angle where particles are moving towards the gas phase [15]. Thus the force 
analysis which incorporates the contact angle becomes more complicated due to the difficulties in 
obtaining the actual contact angle and the determination of meniscus deformation in three 
dimensions. Also, the geometry of the three phase contact obtained by solving the Young-Laplace 
equation (YLE) is also important in studying the stability and detachment of floating particles. 
In addition to the effects of surface properties on contact angle hysteresis, contact angle 
hysteresis is also caused by interactions among multiple floating particles, which corresponds to 
many practical cases. The available theory for explaining the interaction between particles is known 
as lateral interaction theory. From this theory, we know contact angle is affected by the nearby 
particles and that it varies along the contact line. However, just how this lateral capillary interaction 
influences the stability and detachment of floating particles has not been studied yet. 
This review first introduces current theories of stability of particles in detachment processes 
and examines their validity in real situations. Then the theory of contact angle hysteresis and 
important factors impacting the contact angle are reviewed. Examples of stability of particles with 
different shapes are given to focus attention on the effect of contact angle hysteresis on the stability 
and detachment of floating particles. This review highlights the importance of contact angle 
hysteresis on the stability and detachment of floating particles. Also, the importance of inter-particle 
interaction on the stability and detachment of particles should be taken into consideration. 
2.2  STABILITY AND DETACHMENT OF SPHERICAL PARTICLES   
In the flotation process, attached particles are subjected to different forces, where the adhesive 
forces counterbalance the disruptive forces and prevent the particles from detaching either from the 
gas-liquid interface or the bubbles. Therefore, analysis of forces on the particles attached to a liquid 
or bubble surface has been the focus of the study on the stability of floating particles since the early 
days of flotation [16-19]. To simplify the conditions, most researchers deal with the case of 
spherical particles, which are rotationally axisymmetrical, and the easiest system about which to set 
up a coordinate system. The first part of this section will review conventional theories, including 
force analysis of particles on the planar free surface, and bubble-particle aggregates. The second 
part deals with the Young-Laplace equation, including numerical solutions and approximate 
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equations, since it is critical to determine the hydrostatic pressure force. In the third part, the 
tenacity critical contact position in the detachment process is analyzed. The last part shows the 
experimental evidence for the validity of the conventional theories. 
2.2.1 Force analysis of spherical particles 
Force analysis of spherical particles 
The capillary theory of floating particles originated with the work of Nutt [20], was developed 
since then [21], and it has been pointed out by Nguyen [5] that the particle weight is balanced by the 
buoyancy of the liquid displaced by the particle and air enclosed by the deformed meniscus, as is 
seen in Figure 1. The modeling of forces on spherical particles attached to a gas-liquid interface 
(Figure 1) is established in the literature [22-24]. This system corresponds to the asymptotes of a 
particle attached to a very big bubble. There are three kinds of forces acting upward, widely 
accepted as adhesive forces which facilitate stabilization of the particles on a gas-liquid interface.  
1) The capillary force: 
2 sin sin( )c pF R       (2.1) 
where pR  is the particle radius,  is the gas–liquid surface tension, and the length, 2 sinpR 
represents the perimeter of the three-phase contact, while sin( )   represents the vertical 
component of the surface tension force. Because of the rotational symmetry along the vertical axis, 
the horizontal component of the capillary force vanishes and only the vertical component remains. 
2) The buoyancy force: 
3
3(2 3cos cos )
3
p
b
R g
F
 
      (2.2) 
where 
3
3(2 3cos cos )
3
pr
   is the volume of the liquid phase displaced by the particle, and δ is 
the liquid density. 
3) The hydrostatic pressure force: 
 
2
sinp pF R H g     (2.3) 
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where  
2
sinpR  is the area enclosed by the contact line, H is the depth of the deformed gas–
liquid interface at the three-phase contact line which is a function of contact position and contact 
angle and is usually determined by solving the Young-Laplace equation.  
 
Figure 1. Notation of a sphere attached to an initially planar gas-liquid interface; angular 
position of the TPC points, inclination angle,  contact angle, H: meniscus height, : surface 
tension.  
Assuming attachment occurs in a quiescent environment, gravity is the only force that 
hampers the flotation of particles on a gas-liquid interface. 
34
3
g pF r g   (2.4) 
According to the force analysis, there is a balance existing on a sphere at the gas-liquid 
interface, which can be shown as Eq. (2.5) after some algebraic transformation. 
c b p gF F F F    (2.5) 
This analysis leads to the following generic equation for particle attachment on the interface 
in quiescent environments shown by Eq.(2.6), which agrees with Archimedes principle, i.e., the 
particle weight is balanced by the buoyancy of the liquid displaced by the particle and air enclosed 
by the deformed meniscus. 
 sinc c lmg L A H g V g        (2.6) 
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where cL  is the perimeter of the gas-liquid-solid contact circle, cA  is the area of the contact circle, 
m is the particle mass,  is the liquid density, g is the acceleration due to gravity,  H   is the depth 
of the deformed gas-liquid interface at the contact circle (the meniscus depression) and lV  is the 
volume of that portion of the sphere immersed in the liquid.  
Force analysis of a sphere attached to a bubble  
In industrial froth flotation, an interaction occurs between bubbles and particles where the 
ratio of particle to bubble radius is finite. Figure 2 shows the attachment of a particle to a bubble 
surface with meniscus deformation resulting from the detachment forces. This section will review 
the force analysis between the bubble and particle, a method which is widely accepted and 
employed in the practical analysis [5]. 
 
Figure 2. Geometry of particle attachment to a bubble ( by Nguyen [5]) 
The force analysis of bubble-particle aggregates can be derived in a similar way to that of a 
particle attached to the gas-liquid interface. The capillary force and buoyancy can be described with 
the same equations (Eq. (2.1) and Eq. (2.2)) as in the previous section and the capillary pressure 
force is described as follows: 
 
2 2
sinp pF R H g
b

  
 
  
 
  (2.7) 
where b is the influence of the bubble radius at the apex. The overall adhesive force is the sum of 
three forces. 
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ad c b pF F F F     (2.8) 
Based on the analysis of forces acting on the spheres, the Young-Laplace equation is critical 
since the meniscus height H plays a very important role in keeping the attachment stable, especially 
for coarse particles. In the next section, the Young-Laplace equation and its solution will be 
reviewed to give a clear interpretation of how the parameters of the particle properties affect the 
floating behaviors of particles.  
2.2.2 The Young-Laplace equation and its solution  
The meniscus shape of the gas-liquid interface deformed by an attached particle is governed 
by the surface tension and by some equal and opposite force, which comes from the hydrostatic 
pressure at the interface. The pressure on a gas-liquid interface due to the surface tension is a 
function of the surface tension itself and the curvature of the surface. Young made a decisive step in 
qualitative understanding the capillary phenomena in 1805 [25], and an analytical supplement was 
proposed by Pierre-Simon Laplace [26]. Young focused more on the situation of three 
thermodynamic phases while Laplace was more concerned with free surfaces, determination of 
equilibrium shapes of free menisci and liquid bridges. The Young-Laplace equation was then 
derived to quantify the interplay between the interface geometry and the stress it sustains, shown as 
Eq. (2.9) 
1 2
1 1
P
R R

 
   
 
  (2.9) 
where the total curvature is defined with the minimum and maximum radii of curvature, 
1 21/ 1/R R   . The pressure difference P is called capillary pressure, and R with the appropriate 
subscript represents the principal radii of curvature. The mathematics describing the shape of the 
meniscus is, in principle, very simple. This relationship made it possible to solve some static 
problems, such as the shape of menisci. Maxwell commented that this contribution is “an example 
which has never been surpassed” [27]. The hydrostatic pressure at any point on the meniscus 
surface is balanced by the capillary pressure: 
1 2
1 1
gh
R R
 
 
  
 
  (2.10) 
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where h is the vertical coordinate of the meniscus. The gas density is not considered in the above 
equation. 
The Young-Laplace equation for axisymmetrical systems 
In the case of the rotationally symmetrical system, the expression of the Young-Laplace 
equation can be transformed into Eq. (2.11) 
   
2 2
3/2 1/2
2 2
/ /
0
1 / 1 /
d h dr dh dr hg
dh dr r dh dr


  
    
   
 (2.11) 
To solve the meniscus depression, it is convenient to rewrite Eq. (2.11) as a scaled 
expression, which can be obtained by dividing the meniscus coordinates by the capillary length,
L
g


 . The scaled equation becomes: 
   
2 2
3/2 1/2
2 2
y / x y / x
y 0
1 y / x x 1 y / x
d d d d
d d d d
  
    
   
 (2.12) 
where y /h L and x /r L . 
Solutions of the Young-Laplace equation are developed both analytically and numerically, 
and many approximate equations have been generated to solve the meniscus deformation with 
different constraint conditions [5]. The numerical solution to this mathematical system is 
complicated because the system of equations constitutes a two-point boundary value problem with 
one boundary value as infinity, while most traditional numerical methods were designed to solve 
initial-value problems only [28]. Bashforth and Adams [29] first gave the numerical solutions to the 
Young-Laplace equation for a three-phase interface, followed by Freud et al. [30], and the solution 
was applied to a discussion of the Du Noüy ring tensiometer, but the results are limited. Princen [31] 
and Princen and Mason [32] also studied drop shapes at fluid-liquid interfaces considering 
unbounded interfaces as part of the system. 
To avoid the numerical difficulties in handling very large numbers, the Young-Laplace 
equation can be transformed into a parameterized form, with the angle of inclination,  as the 
parameter described with Eq. (2.13) and Eq. (2.14) with the restraining conditions shown in Eq. 
(2.15) and Eq. (2.16). 
14 
 
cos
sin
dx x
d xy

 


 (2.13) 
sin
sin
dy x
d xy

 


 (2.14) 
with the boundary conditions: 
0x x  at  0   (2.15) 
0y   and x   as 0   (2.16) 
The solution of this equation system was proposed by Rapacchietta and Neumann [23], and the 
shooting method was employed to solve the system by means of the modified Runge-Kutta method, 
that is, numerical calculations continue to run for an assumed initial value until the final value of y 
is very close to zero as the second boundary condition. 
To calculate the magnitude of the capillary force of attachment between a bubble and a 
particle, a solution of the capillary equation is required. Huh and Scriven [33] have presented a 
solution to the Young–Laplace equation for axisymmetric geometries by the Runge–Kutta method, 
which cannot be applied to non-axisymmetric systems. Recently, a convenient and stable numerical 
solution was proposed to solve the Young-Laplace equation in rotationally symmetric systems [34]. 
Contact angle can be better estimated /determined by fitting the image data into the calculation data 
through comparison by the least square method.  
Approximate solution to the Young-Laplace equation 
Apart from using this complex algorithm to perform the numerical calculation, simple and 
explicit expressions were developed to obtain meniscus height, H, as a function of the inclining 
angle, β, and the three phase contact radius. These explicit expressions can be derived for very 
small and very large radius three-phase contacts by approximate analytical approaches [35]. 
For three-phase contacts with small radii, Eq. (2.12) can be solved by employing the method 
of matched asymptotic perturbation [36] which is detailed by Lilian [37]. The final result of the 
meniscus depression is described by the Derjaguin equation, i.e.: 
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 
4
sin log
1 cos
tpc
tpc
L
H r
r
 

   
   
    
 (2.17) 
where γ = 0.577 is the Euler number, and tpcr is the radius of the three-phase contact. This equation 
has been proven to be valid both for conditions of β < π/2 and β ≥ π/2 considering that dy/dx is 
positive for actual meniscus inclination φ < π/2 and negative for β ≥ φ > π/2. Comparison of Eq. 
(2.17) to the numerical results [38] of the Young–Laplace equation indicates that the Derjaguin 
equation is accurate for / 0.2tpcr L  and the relative error is less than 5 % at / 0.2tpcr L  . 
For three-phase contacts with large radii, / 2tpcr L  , the expressions for H is derived in detail 
by Nguyen [35] as shown in Eq. (2.18). The relative error of comparing the analytical solution 
with the exact numerical solution is less than 2 % at / 2tpcr L  . 
 
 
2
sin / 2
1 / tpc
H
L L r


 (2.18) 
In addition, empirical expressions for the case of 0.2 / 2tpcr L  were also developed through 
fitting the numerical data by adding parameters relating to the contact radius [35]. 
All these expressions, therefore, can be used to determine the meniscus depression in the 
spherical system for the three-phase contact without using a complicated algorithm scheme. 
2.2.3 Tenacity and detachment  
Tenacity and maximum position  
As introduced in the previous chapter, the adhesive force can be referred to as the summary of 
three forces acting towards the gas phase shown by Eq. (2.19). To analyze the stability of the 
floating particles, the supporting force was scaled in a different position regarding the angular 
position of the contact point. The meniscus depression is explicitly described by the approximate 
solutions given in the literature [5]. As a result, the variation of the adhesive force given by Eq. 
(2.19) versus the contact angle and the location of the three-phase contact on the particle surface 
can be described analytically, without any significant numerical computational resources. The 
modeling results shown in Figure 3 indicate that there is a maximum position for the adhesive force.  
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 
               (2.19) 
 
Figure 3. The supporting force of particles floating at the water free surface. It is given by Eq. 
(2.19) and scaled by dividing by 2 pR  . Under a given set of conditions, the curve sections on 
the left side of the maximum force represent unstable equilibrium, while those on the right side 
show stable equilibrium of the floating particles. 
The attachment will be broken and particles will detach from the gas-liquid interface when the 
disruptive force surpasses the maximum adhesive force. So it is critical to get a clear understanding 
of where the tenacity exists and how it is affected by the relevant parameters such as particle size, 
contact angle and contact position. As the particle is detached from the meniscus, if the detaching 
force exceeds the magnitude of the maximum adhesive force, the tenacity, T, of the particle-
meniscus contact is determined by the maximum adhesive force and can be described by Eq. 
(2.20) , i.e.: 
 
3
2
32 sin sin( ) sin (2 3cos cos )
3
p
p m m p m m m
R g
T R R h g
 
               (2.20)  
where αm determines the location of the three-phase contact of the maximum adhesive force and is 
described by Eq. (2.21) .from which one obtains the criterion Eq. (2.22): 
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In this equation, H is determined by solving the Young-Laplace equation, either using 
approximate equations or solving numerically. Solving Eq. (2.22) numerically for αm and inserting 
the results into Eq. (2.20), one obtains the dependence of the maximum adhesive force on the 
contact angle θ and the particle radius. Interestingly, the complicated expression of the maximum 
adhesive force in Eq. (2.20) can be simply described by Eq. (2.23), which is accurate up to the 
particle radius / 4pR L  . 
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T R
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 
 (2.23) 
For fine particles. / 1pR L , the maximum adhesive force can be simplified into Eq. (2.24), 
where surface tension force plays a dominant role in keeping the attachment stable. The critical 
position is given by / 2m    
 1 cospT R      (2.24) 
Therefore, when the particle is pulled down by the disruptive force, dF , the angular contact 
position  will increase, the adhesive force will increase at first then reach the maximum, T, and 
then decrease. At , there are two roots for the apical angle of the contact point, namely, 
, the larger of which may be seen geometrically to correspond 
to the stable equilibrium of a particle at the water surface and the smaller to an unstable equilibrium. 
When the stability of bubble-particle attachment is also analyzed in this way, it is revealed 
that bubble size has little effect on the tenacity and the same conclusion is reached for small 
particles attaching to big bubbles with a contact angle 90   , where tenacity occurs at the contact 
position , with the same expression as Eq. (2.24). 
Through analyzing the maximum position of the three-phase contact and the tenacity for the 
particles’ attachment on a planar interface or to a bubble, it is highlighted that, for the particle and 

dF F
0.5 0.5acos cos /d pF R        
/ 2 
18 
 
bubble size typically encountered in flotation, the tenacity of the particle attachment significantly 
depends on the particle size, the surface tension and the contact angle, and is independent of the 
bubble size. 
Detachment models were developed through force analysis to provide a further estimation of 
the overall behavior of the flotation system. The essential point in understanding bubble–particle 
aggregate stability is to determine whether or not the adhesive force, acting on the three phase 
contact line, is sufficient to prevent the destruction of the aggregate under the dynamic conditions 
which exist in flotation. Apart from gravity force, there are other detaching forces, such as inertial 
forces and turbulence forces which are extremely complex in hydrodynamic terms. Force analysis 
theories are used to determine the maximum particle size in the flotation system and thus the 
detachment probability [38-41]. Ralston [42] derived the maximum size of particles which can be 
floated. He also pointed out that the dynamic contact angle can depart significantly from the static 
value, depending in part on the velocity of the TPC. If the particle oscillates around its equilibrium 
position, the TPC would be expected to move to some extent. 
Validation of conventional force analysis theory 
The forgoing principle of the stability of a particle at the air-water interface was first 
confirmed experimentally by Nutt in 1960 [20]. Silicone-treated glass beads of 0.2-1 mm in 
diameter were attached at the interface and subjected to a centrifugal field, where the centrifugal 
acceleration was increased steadily until the supporting force was unable to stabilize the attachment 
and the particle detached from the interface. The magnitude of the strength of adhesion of the 
particle to the air-water interface was examined, and the experimental results of the critical force 
were found to agree with the theory. This experimental method, referred to as the centrifugal 
immersion method, was further revised and improved for quantifying particle detachment from the 
air-liquid surface by Schulze et al.[43]. They showed that the size of the largest (0.4-1.1 mm in 
diameter) particles stably attached to the air-liquid surface decreased exponentially with increasing 
centrifugal acceleration, with up to 50 times the acceleration due to gravity applied. 
A similar technique called the pendulum impact technique [5] was also used to investigate the 
particle stability at the air-water surface. In this technique, a bubble with the attached particles is 
held by a bubble holder. A vibration of the bubble-particle aggregate, which is produced by the 
impact of the pendulum on the bubble holder, causes the particles to detach. Also, the shear stress 
on the bubble-particle aggregate at its movement upon the pendulum impact can dislodge the 
particles from the bubble surface. The critical pendulum velocity causing particle detachment can 
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be determined by a gradual change of the pendulum angle relative to the direction of gravity, which 
is the axis of the bubble holder. The experimental results obtained by the pendulum technique show 
the significant effect of the particle hydrophobicity produced by the hydrophobizing reagent on the 
largest size of particles which can stably attach to the air-water surface.  
The sphere tensiometer, though first developed to measure surface tension, can be used to 
measure the adhesive force directly on a small sphere attached to a gas-liquid interface as a function 
of angular position by using an electronic balance [44-46]. The adhesion of a particle attached to the 
air-water surface can also be measured by a force balance, which is similarly used in determining 
surface tension by the Du Noüy and Wilhelmy methods [47], whereby the ring or plate are detached 
from the solution surface. Unlike the Du Noüy and Wilhelmy methods, the underlying physics of 
sphere detachment in measuring the surface tension by sphere tensiometry is complicated [48, 49] 
(and hence sphere tensiometry is not widely used). Significantly, the change in contact angle on 
small spheres when they are pulled from an air-liquid interface and its significant effect on force 
and work of detachment was experimentally demonstrated by Pitois and Chateau [50]. 
All the experimental results clearly demonstrated that a force or energy barrier must be 
overcome before a spherical particle can be detached from a flat interface and submerged. The 
strength of adhesion of a single sphere to the interface is in good agreement with theoretical 
prediction, and as expected, it increases with increasing surface tension of the liquid and with the 
angle of contact between the liquid and the solid. 
This analysis is based on the prerequisite condition that during the detachment process, there 
is one constant contact angle and no change during the process, independent of the direction of 
movement of the wetting perimeter, which does not account for the surface morphological and 
chemical heterogeneity. However, the particle surfaces are rather rough and chemically 
heterogeneous, thus contact angle is varying all the time. In the next chapter, a review of contact 
angle and contact angle hysteresis under different conditions will be given. 
2.3  CONTACT ANGLE AND CONTACT ANGLE HYSTERESIS 
2.3.1 Background of contact angle and contact angle hysteresis 
Contact angle 
Contact angle was first described and defined by Young [51] as the mechanical equilibrium of 
a drop under the interaction of three interfacial tensions. It has been studied intensively since then 
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and has been recognized as the measure of hydrophobicity of a material surface, and has played an 
important role in understanding wetting processes such as those in froth flotation, liquid coating, 
and printing [52-55]. The equilibrium contact angle is balanced by three interfacial tensions, i.e., the 
solid–vapor interfacial energy denoted by SG , the solid–liquid interfacial energy SL , and the 
liquid–vapor interfacial energy (i.e. the surface tension) LG  as shown in Figure 4, and can be 
expressed by Eq. (2.25). 
cosSG SL LG Y      (2.25) 
 
Figure 4．Schematic illustration of a liquid drop on a smooth flat surface, showing the components 
of Young's equation. 
Contact angle is a typical parameter to indicate the hydrophobicity of a solid surface. It can be 
used to evaluate the hydrophilic and hydrophobic balance at the surface of minerals using the 
capillary rise method [56]. This method is based on bulk properties of particles and can reflect the 
hydrophobicity of particles in a general and average level. However, when viewing the flotation 
process on a micro level, the stability of particles attached to a bubble or a flat interface is 
determined by the capillary force acting on the particles. It has been pointed out that this contact 
angle is not the equilibrium contact angle under quiescent and absolute rigid conditions  
Contact angle hysteresis  
A surface meeting all the requirements of the Young equation is referred to as an ideal surface. 
The validity of Young's equation, Eq. (2.25), requires that the solid surface be smooth, flat, 
homogenous, inert, insoluble, nonreactive, and of a non-deformable quality. These criteria are 
usually not met by real surfaces [57-59]. However, almost all practical surfaces are non-ideal, and 
the measurable contact angle values on these surfaces are called the apparent contact angles, θapp. If 
the three-phase contact line is in motion, the contact angle produced is referred to as the “dynamic” 
contact angle. In particular, the contact angles formed by expanding and contracting the liquid are 
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referred to as the advancing contact angle, 
2 , and receding contact angle, 1 , respectively. 
Dynamic contact angles are different at different rates of change. At a low speed and on an ideal 
surface, it should be close or equal to a properly measured static contact angle. The dynamic contact 
angle is not unique but falls into a more or less wide interval between the advancing (largest) and 
the receding (smallest) contact angle. The difference between them is called contact angle hysteresis 
(Figure 5). 
2 1H     (2.26) 
 
Figure 5. Illustration of advancing and receding contact angles [8]. 
The significance of contact angle hysteresis has been extensively investigated [60-62]. The 
general conclusion is that it results from surface roughness and/or chemical heterogeneity. In most 
cases, it is unavoidable because of flaws in real surfaces and surface immobility on a 
macromolecular scale. For non-homogeneous surfaces, there are always barriers on specific 
domains to the motion of the contact line. For example, hydrophobic domains facilitate an increase 
in the contact angle because it will pin the motion of the contact line as it advances and hold back 
the contact line when it recedes. In the dynamic condition of flotation, the surfaces of particles are 
always rough and heterogeneous, so the study of contact angle hysteresis is of great significance in 
understanding the fundamentals of the flotation process. 
2.3.2 Effect of surface properties on contact angle 
Surface roughness: Wenzel theory  
On an ideal solid surface (i.e., rigid, flat, smooth, chemically homogeneous, insoluble, and 
non-reactive), contact angle measurement and its interpretation would be straightforward. In the 
case of rough surfaces, the measurement of contact angle was first studied by Wenzel [63], and he 
concluded that the apparent contact angle on rough surfaces is related to the ideal Young contact 
angle. In the relationship between the reproducible contact angle, θY, on a molecularly smooth 
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surface, and that on the rough surface θw, in respect of the roughness value, r (>1), the ratio of the 
true to the geometrical area was derived from thermodynamic considerations [64-66] as is shown in 
Eq. (2.27). 
cos cosW Yr  , 3 2/D Dr A A   (2.27)  
where r is the roughness parameter and 
Y  is the Young contact angle. 3DA and 2DA are the actual 
area and apparent area of the surface respectively. 
The angle θw is the apparent contact angle measured at the geometric level of the rough 
surface. The relation is believed by many workers to hold for solids where the surface roughness is 
random, and where the amplitude and wavelength of roughness are below the micron range [67]. 
However, it was pointed out that the Wenzel contact angle is not amenable to experimental 
measurement due to the existence of metastable states [68]. The measured value of θw depends on 
the way in which a liquid drop is formed on the solid, and in particular, whether the drop is 
advancing or receding as the angle assumed by an advancing liquid drop is larger than when it is 
receding. 
Chemical heterogeneity: Cassie theory 
On heterogeneous surfaces, the real contact angle can be estimated by the Cassie theory [9], 
presented by the Cassie equation, to determine the mean contact angle of the surface with different 
materials. 
1 1 2 2cos cos cosC f f      (2.28) 
where
1f and 2f are the area fractions of materials 1 & 2, and 1 , 2 are the contact angles of pure 
materials 1 & 2. This equation was reduced to the Cassie-Baxter equation for a porous surface： 
1 1 2cos cosC f f     (2.29) 
The Cassie-Baxter equation was derived to describe the wetting phenomena for porous 
surfaces, where f2 is the fraction of air spaces, which corresponds to 2 180   for a non-wetting 
condition. It could also be applied to rough hydrophobic surfaces when the contact line remains on 
the surface without penetrating into the surface structure. 
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Comments on the Wenzel and Cassie theories 
The Wenzel and Cassie theories have been widely used to predict wetting behavior on real 
surfaces. The observed data on many surfaces are consistent with the theory over the past 50 years, 
and there is a transition between the Wenzel and Cassie regimes [69]. However, there are still many 
examples which illustrate that the results are not consistent with the theoretical predictions.  
Wenzel’s theory was challenged by Bartell and Shepard [70]. The results showed that the 
contact angles of droplets on surfaces featuring roughness within the contact line were same with 
those of smooth surfaces. Oliver et al. [71] proposed some reasons behind the failures of the 
theories, and he pointed out that the theories only equated roughness with wetting hysteresis, which 
only applies to idealized models of roughness. Therefore they have limited applicability in practice. 
Regarding the dimension of roughness, in terms of both the shape and size of asperities for the 
axisymmetric system, there exists a unique correspondence between Young's definition and a 
measured contact angle. However, for three-dimensional systems with non-uniform roughness, the 
apparent contact angle may vary from point to point and may have many values along the contact 
line. This is the cause of the fundamental flaw of Wenzel theory, which implies that there is a single 
apparent contact angle. Spori et al. [72] showed that the topographical influence on contact angle 
could not simply be predicted through a roughness factor. 
It has been reported that the three-phase structure at the contact line, not the liquid–solid 
interface beneath the droplet, controls the contact angle. These findings are further proven by the 
work of Gao and McCart [73]. They reached the conclusion that contact area has no effect on 
wettability, and that contact angle and hysteresis are a function of contact line structure in such a 
way that the kinetics of drop movement, rather than thermodynamics, dictate wettability. It was 
suggested that the Wenzel and Cassie equations should be applied with the knowledge of their 
inherent faults. 
2.3.3 Effect of particle shape on contact angle 
The Gibbs Inequality condition 
Apart from the surface roughness and chemical heterogeneity, the discontinuity of a surface 
such as caused by sharp edges is another important factor that influences the contact angle. There is 
an inhibiting effect of sharp edges on liquid spreading which has been studied in detail [74]. 
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Figure 6. Illustration of contact angle hysteresis at edges 
When the three-phase contact line meets a mathematically sharp solid edge as is shown in 
Figure 6, Gibbs [75] derived the contact angle pinning theory from a purely geometrical extension 
of the condition of equilibrium expressed as: 
0 0180        (2.30) 
which we shall refer to as the Gibbs inequality condition, where θ is the contact angle measured 
through the drop (phase 1) at the edge and ϕ is the angle subtended by the two surfaces forming the 
solid edge. This transition of contact angle at edges is independent of advancing and receding 
contact angle which, will be discussed it in the next chapter. The Gibbs inequality condition has 
been studied with a drop bound by an edge and with an advancing three phase contact line meeting 
the edge.  
Validation of the Gibbs Inequality condition 
Researchers have verified this contact angle phenomena by means of contact angle 
measurements [76-79]. There were several experiments done by researchers regarding force 
analysis considering the Gibbs inequality condition, which verified the Gibbs Inequality condition 
indirectly.  
Mason et al. have studied the equilibrium of a drop bound by an edge subtended by a circular 
sapphire disk and an aluminum plate [74]. The contact angle changes at the edge have been 
confirmed experimentally by measuring the various conditions with a stable drop, the results of 
which reached a good agreement with the Gibbs Inequality theory. 
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The Gibbs Inequality condition was also verified by using the Atomic Force Microscopy 
(AFM) colloidal probe technique [80]. The spherical colloidal probes were cut circumferentially to 
generate two circular sharp edges and then glued onto the end of the AFM cantilever to interact 
with air-liquid interfaces. The contact line was pinned when meeting the edges and a significant 
contact angle hysteresis was observed. The contact angle at an edge could vary through a range of 
values within the definition of the Gibbs Inequality condition, which was shown to influence the 
adhesive force. 
Another verification of the Gibbs Inequality condition was carried out by Nguyen et. al [81], 
where spheres were truncated at different angles and the interaction force with an air-water interface 
was measured using an electronic force sensor. The force measured agreed with the theoretical 
model with consideration of contact angle transition at an edge, according to the Gibbs Inequality 
theory. 
2.3.4 Effect of inter- particle interactions on contact angle  
Lateral interaction among particles 
So far the modeling analysis and fundamental explanations are focused on single spheres or 
particles of other shapes, and the effect of inter-particle interactions on the contact angle and 
stability and detachment of floating particles are rarely considered. In real cases such as flotation 
systems and other wetting processes involving large numbers of particles, at least in the hundreds of 
thousands, knowledge of how floating particles interact with each other and how this interaction 
affects the stability and detachment of these floating particles is of great practical importance.  
As seen in Figure 7, due to the lateral interaction between two particles, the contact angle 
varies along the contact line. Because of this kind of contact angle inconsistency, the main 
theoretical difficulty in determining the capillary force is to solve the Young-Laplace equation, 
which is a second-order non-linear partial differential equation determining the deformation of the 
meniscus around the particles. 
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Figure 7. Illustration of a pair of spheres floating on the air-water surface from the side view of the 
h-x plane. 
The capillary interactions between two floating subjects at a gas-liquid interface was first 
studied in detail by Nicolson [82]. An approximate analytical expression of the capillary interaction 
force between two floating bubbles was derived with the condition that the meniscus slope is small 
and the Laplace equation can be linearized. A numerical approach was developed by Gifford and 
Scriven [83] for the case of two identical infinite parallel cylinders. The results showed that the 
relationship between lateral interaction force and distance is well described by an exponential 
function at small Bond numbers. This conclusion was subsequently re-examined by Chan et al. [84] 
where Nicolson’s approximation method was extended to spherical particles, and the results showed 
that the attraction force also decreases exponentially with distance. However, the range of 
applicability of Nicolson’s approximation is limited and difficult to establish. The research 
conducted by Allain et al. [85] with a free energy analysis between two horizontal cylinders 
revealed that Nicolson’s approximation is only valid for small Bond numbers. Other 
approximations for capillary interaction have been developed by Kralchevsky et al. [86], where the 
attraction force between two spheres laid on a flat solid surface wetted by a liquid was calculated 
through using the solution of the linearized Young-Laplace equation in bipolar coordinates. This 
methodology was extended for floating spherical particles on a gas-liquid interface by Paunov et al. 
[87]. There is a detailed description of many vital results for the interaction of floating particles at a 
gas-liquid interface both in experimental and theoretical aspect included in the monograph written 
by Kralchevsky and Nagayama [88]. 
Validation by film flotation 
In respect of particle-laden interfaces, the most prominent practical case is film flotation 
developed by Fuerstenau et al. [89], with the initial aim to characterize the wettability of the 
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particles. When placing a mixture of particles displaying different wettabilities, there is a potential 
for selective particle separation on a gas-liquid interface [90], with hydrophobic particles continuing 
to float and hydrophilic particles sinking into the liquid phase. The floating portion of particles at 
interfaces is taken as the recovery rate for the specific surface tension, and the critical surface 
tension of a particle was estimated from the recovery-surface diagram. From the perspective of 
floatability, the results of film flotation show the floatability difference of different particles, thus 
the recovery-surface tension diagram can be used as an indication of the stability of many floating 
particles. This is because those particles detaching from the gas-liquid interface at lower surface 
tension show higher stability than those sinking into the liquid phase at higher surface tension. In 
this paper, we use this method to determine the floating behavior of single particles and many 
particles at a macro level. 
As a summary of the previous study, the fundamental theory of stability and detachment of 
single particles from a gas-liquid interface was well established, and further explored specifically 
involving the effect of contact angle hysteresis. Though the lateral capillary interaction has been a 
focus of the present study and the capillary force between two floating particles has been calculated 
and validated by experiments [91-93], there is no study on how this lateral interaction affect the 
stability of the floating particles. It is well recognized that the key issue of capillary attraction is the 
interfacial deformation caused by the balance of surface tension and the weight of the floating 
particles. Thus solving the Young-Laplace equation is of critical importance to the analysis of the 
lateral interaction. In this study, we first attempt to analyze the stability and detachment of a pair 
floating particles experiencing a lateral interaction. Film flotation experiments of single spheres and 
many particles were carried out to explore the floating behavior and provide an overall view. Then 
the vertical adhesive force was measured by the method of sphere tensiometry combined with a 
high-speed microscopy camera to record the detaching procedure, and images were extracted and 
utilized to numerically solve the meniscus deformation. Our results show that lateral capillary 
interaction between particles has a significant impact on the stability of the many floating particles. 
2.4 THE EFFECT OF CONTACT ANGLE HYSTERESIS ON STABILITY AND 
DETACHMENT OF FLOATING PARTICLES  
2.4.1 The effect of contact angle hysteresis on conventional force analysis theory 
The theoretical consideration of the adhesive force presented so far does not account for 
morphological and chemical surface heterogeneity. Since the particle surfaces are rough and 
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chemically heterogeneous rather than smooth and homogeneous, the contact angle is a function of 
the local slope of the surface other than an equilibrium contact angle. 
As discussed in the previous chapter, most real solid surfaces, especially minerals and metals, 
are not always homogeneous and clean. There are two kinds of surface heterogeneities: geometric 
effects including surface roughness and particle shape, and chemical heterogeneity due to the 
composition of two or more components with different surface properties. Contact angle hysteresis 
arises when the contact line meets heterogeneous surfaces. Consequently, the adhesive force was 
influenced according to the principles of force analysis. The attachment of a particle to a bubble is 
influenced by the contact angle and surface roughness. The surfaces of mineral particles are 
heterogeneous in terms of chemistry and roughness [94-97], resulting in differences in wetting 
behavior. Similarly, it was proposed that the stability of particle attachment be the same for 
particles of the same mineral and size. However, according to the definition of contact angle 
hysteresis, the stability of each particle needs to be considered independently as each particle has a 
different degree of surface heterogeneity. 
The influence of surface roughness on the kinetics of bubble attachment on Teflon plates was 
investigated by Krasowska [98]. It was found that with increasing surface roughness from below 1 
μm up to 100 μm, modified by abrasive papers, the static contact angle increased from 99.6° to 
128.8°. This result confirmed that surface roughness was a parameter of crucial significance for the 
attachment of a colloid bubble. 
As to the composite particles, different components of the surface have different 
hydrophobicity, i.e., different contact angle. While sulfur bearing species contribute positively to 
the contact angle, the oxygen bearing species reduce the contact angle [99]. 
For real industrial materials, most particles are irregular. The effect of non-sphericity on 
flotation may contribute to the cause of discrepancies with the predicted results. Wotruba et al. [100] 
investigated the influence of particle shape on floatability with four kinds of zircon particles. The 
floatability of the prismatic particles was found to be far better than that of the rounded ones. The 
proposed explanations are larger contact areas and better adhesion due to the influence of sharp 
edges. 
To further evaluate the effect of contact angle hysteresis caused by surface heterogeneity, 
force analysis on cubic particles was carried out by Gautam [101]. At edges, the angle between the 
tangent of the gas–liquid surface and the horizontal axis can vary between θ0- π/2 and θ0 [74, 102, 
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103]. The angle of contact θ adjusts itself until the surface tension force balances the hydrostatic 
and gravitational forces as shown in Figure 8. The range of possible values of θ depends on the 
shape of the particle and the equilibrium contact angle. However, at each point of the three-phase 
contact line, θ must be less than the advancing contact angle. Otherwise, the liquid will spread over 
the surface of the solid particle, and a particle at a free surface in a container will sink in the liquid 
[104]. The contact line behaves differently at the corners and sharp edges of the cubic particles 
because of pinning of the three-phase contact line. The angle of contact adjusts itself until the 
capillary force balances the remaining gravitational force. When the angle of contact, α, exceeds θ0 
the contact line will leave the corner of the cubic particle and detachment occurs. 
 
Figure 8. Pinning of three-phase contact line for the cubical particle, where θ0 is the equilibrium 
contact angle and α is the angle of contact which can vary from (θ0 - π/ 2) to θ0. 
The capillary force on a cubic particle at a free surface was calculated by Surface Evolver 
software to determine the shape of the gas–liquid interface by minimizing the surface energy 
subject to the constraints. However, the capillary force of attachment remains constant until the 
three-phase contact line pins to the lower sharp edge and corners of the particle. As pinning occurs, 
the surface tension force starts to increase and grows until the value of α equals 90°. Due to the 
form of the sine function, the surface tension force decreases when α exceeds 90°. However, the 
total capillary force of attachment continues to increase due to an increase in meniscus height and 
hydrostatic force as is shown in Figure 9. As a result, the net capillary force of attachment between 
the gas–liquid interface and the particle lead to a maximum value, after which the net capillary 
force decreases until the gas–liquid interface detaches from the particle. 
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Figure 9. The change in capillary force with increasing meniscus height above the liquid surface. 
There is a lack of a quantitative correlation between factors affecting wetting behavior and 
contact angle on minerals and the attachment strength. There exists considerable complexity in 
assessing and quantifying the surface heterogeneity as well as linking all the parameters to the 
contact angle and thus wetting behavior. 
2.4.2 Solution of the 3D Young-Laplace equation 
To fully understanding the stability of the attachment, it is essential to know the shape of the 
three-dimensional meniscus which is balanced by the hydro-pressure and capillary force and 
expressed by the Young-Laplace equation. If the profile of the interface is known, the contact angle 
can be determined for a known contact position. Thus a good knowledge of interfacial shape is 
required to build a fundamental understanding of the attachment and stability of the floating objects 
on the gas-liquid interface. 
There is a review on the Young-Laplace equation solution for an axisymmetrical and ideal 
system in section 2.2.2. However, in real conditions the contact angle along the contact line varies 
from one position to another, thus there is considerable complexity to obtain an explicit solution for 
the contact angle distribution and the meniscus deformation by solving the Young-Laplace equation 
directly. For non-axisymmetric systems, the Young-Laplace equation becomes a second order 
nonlinear partial differential equation. The finite element method was applied by Orr et al. [105] to 
solve the Young-Laplace equation for non-axisymmetric geometries. This method seems to be 
particularly effective because it can easily accommodate the irregular surface domain but the 
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Young-Laplace equation can only be solved when the angle of contact is <90. To solve the  Young-
Laplace equation, it is important to know the boundary condition at each point of the three-phase 
contact line. Another problem with this solution arises when the gas-liquid interface is attached to 
the top or bottom sharp edge of a non-axisymmetric particle. The angle of contact has different 
values at different points of the three-phase contact (TPC) line. These angles are unknown and are a 
function of the equilibrium contact angle and position. Thus the boundary condition is unknown a 
priori at the three-phase contact line. Without knowing this boundary condition, finding a solution 
of the Young-Laplace equation is not possible. For the condition of non-axisymmetrical particles, 
cubic particles, for example, Surface Evolver [106] was employed to determine the equilibrium gas-
liquid interface shape iteratively by minimizing the sum of surface free energy and gravitational 
energy. Further investigations of the behavior of orthorhombic particles at the gas-liquid interface 
were conducted by Morris et al. [107, 108] using the Surface Evolver method. 
2.4.3 Implication of contact angle hysteresis in the flotation process 
With the development of the flotation process, researchers and industries have been aware of 
the importance of the particle and surface properties on flotation behavior. In particular, there arises 
the necessity of coarse and composite particle flotation to reduce energy consumption. Solid 
particles prepared through comminution and liberation by mechanical devices have different shapes 
and surface defects including well different liberation characteristics. It is known that contact angle 
hysteresis is caused by surface defects and discontinuities, which results in different flotation 
behavior for different particles. 
The effect of shape factor and surface roughness on the behavior of particles in flotation has 
been studied by Behzad et.al [109]. An acid etching method was used to generate various degrees of 
surface roughness on particles of different shapes, and this surfaces roughness was charactered by 
AFM. They showed that an increase in surface roughness improves the surface hydrophobicity and 
flotation recovery, and the particles with sharp edges had higher flotation recoveries compared with 
spherical glass beads of the same size. Wang and Jameson [110] also observed that the angular 
particle performed better, with a higher attachment strength than a spherical particle of the same 
size on a single bubble in the centrifugal field. Fosu et al. [111] designed experiments to investigate 
colloid detachment by a moving air–water interface with four different shapes ( rods, oblong disks, 
barrels, and spheres) of the same material. A confocal microscope was used to visualize the 
detachment process, and the results showed that the presence of an edge prevented the detachment 
of particles because the air–water interface was pinned at the edge of the colloid. 
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The effect of particle shape of talc ground in different mills on the wettability and floatability 
was investigated by Kursun and Ulusoy [112]. The results showed that particles possessing higher 
elongation and flatness properties performed better, with a higher recovery rate in column flotation, 
while roundness and relative width had a negative effect on the flotation behavior. In other words, 
elongation and surface roughness helped to alter the hydrophobicity, and thus floatability, of the talc. 
It was assumed that there was a stronger adhesion force of prismatic particles due to larger contact 
areas and longer contact lines compared with round particles. However, apart from the shape factor 
and surface roughness, the characteristics of the materials, such as chemical and structural 
properties, need be taken into consideration as possible causes of the changes in wettability. 
In another study the force required to detach sphalerite ore particles in flotation concentrates 
from air bubbles was measured using a novel vibrational apparatus, for particles of 150–300 μm and 
300–600 μm, with different degrees of liberation [113]. The maximum vibrational amplitude at 
which a particle detached from a bubble was used to calculate the particle detachment force. SEM 
analysis of particles showed that fully liberated particles attached to bubbles exhibit higher adhesive 
forces than composite particles. Moreover, particles with irregular shapes were detached under 
higher detachment forces compared to equivalent particles with a rounded shape. Furthermore, Fosu 
et al. [114] investigated the effect of sphalerite liberation and locking texture on the flotation 
response of the composite particles. Although, particles with simple and complex locking texture 
could have the same degree of liberation, the difference in the spatial distribution of the exposed 
surface area determines a difference in flotation response. The higher recovery of particles with 
simple locking texture compared to complex locking texture for the same liberation class could be 
due to exposure of a higher percentage of the surface area of the valuable mineral grain as 
compared to a lower surface area of the valuable mineral grain exposed where a complex locking 
texture exists. 
Surface heterogeneity is also associated with non-uniform coverage of minerals by collectors 
and can strongly affect the flotation kinetics [115]. Direct evidence for contact angle heterogeneity 
on single particle size fractions of a chalcopyrite sample has recently been provided by ToF- SIMS 
examination on individual particles. 
For an attached particle to be lifted out of the liquid into the froth by a bubble, it is necessary 
for the force of attachment between the bubble and the particle to be sufficient to withstand 
hydrodynamic and gravitational effects. As the contact angle is not constant, conventional flotation 
theory should be reviewed and modified to include some significant factors such as shapes and 
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surface roughness, and even liberation class for composite particles. A suitable flotation model and 
a comprehensive understanding of flotation behavior facilitate the ability to conquer the problem of 
high detachment efficiency for coarser particles. 
2.5 CONCLUDING REMARKS 
This review starts with the force analysis related to interactions occurring during the 
detachment process, which is influenced by many factors such as surface tension, particle size, 
contact position and contact angle. The foregoing principles are established on the condition that the 
contact angle is constant, and doesn’t change during the processes, either with equilibrium contact 
angle or advancing contact angle. However, in practice, there is abundant evidence showing that the 
contact angle is changing throughout a range, which is defined as contact angle hysteresis due to 
surface morphology and chemical heterogeneity. Though Wenzel and Cassie's theories help explain 
the contact angle hysteresis on evenly distributed rough and composite surface, it is still hard to 
quantify the effect of contact angle hysteresis on the stability of floating particles because even a 
very trivial unevenness will cause local contact angle variation, and this scale could be small to a 
nano size. The Gibbs Inequality theory was successfully verified by a few researchers under simple 
conditions such as truncated spheres and cubic particles with edges and is supported by 
experimental results that show higher tenacity exists for particles with edges. Considering all these 
factors, it is recommended that researchers reconsider the important role of contact angle hysteresis 
in the flotation process, especially its significance in stabilizing particle attachment during the 
detachment process. Though there are qualitative results which reveal the effect of shape and 
surface roughness on the success of flotation, a basic fundamental understanding is critical for 
improving flotation technology where there exists a need for a feasible and profitable means to 
successfully select and recover coarse mineral particles. 
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Highlights  
 Novel algorithm for solving Young-Laplace equation is proposed.  
 Novel algorithm for processing and correcting interface images is developed. 
 Interface deformation is quantified using the Levenberg–Marquardt algorithm. 
 Interface deformation and contact angle are reliably determined. 
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ABSTRACT 
The Young-Laplace equation (YLE) for the deformation of external menisci governs many 
amazing interfacial phenomena and processes, from the walking on the surface of water by 
arthropods to the separation of coal and valuable minerals worth billions of dollars annually. A 
quantitative analysis of the phenomena suffers from problems of YLE which is a highly nonlinear 
differential equation with one of the two boundary conditions occurred at infinity. Available 
numerical solutions cannot be used for the numerical fitting of the meniscus profiles to quantify 
experimental results. Here we present a novel qualitative analysis involving novel numerical 
algorithms, which are fast and stable and, therefore, suitable for the numerical fitting to match the 
theoretical and experimental results to quantify the meniscus deformation. The application of the 
algorithms is successfully demonstrated using the experimental data for the deformation of the air-
water interface around a sphere. 
Keywords: meniscus, contact angle, air-water interface, numerical method 
 
3.1 THE YOUNG-LAPLACE EQUATION FOR QUANTIFYING THE LOCAL 
DEFORMATION OF THE AIR-WATER INTERFACEBY FLOATING OBJECTS 
Floating objects on the air-water surfaces are essential to many natural and industrial 
activities. The most natural phenomena include the climbing on the meniscus and walking of insects 
on the surface of lakes, ponds, rivers and the open ocean [1]. These tiny insects have characteristic 
dimensions of the capillary length, /L g  = 2.7 mm, where  = 0.072 N/m and  = 1000 
kg/m
3
 are the surface tension and density of water, and g = 0.981 m/s
2
 is the acceleration due to 
gravity. The weight of their small mass (~0.01 g) is supported by the surface tension (capillary) 
force generated by the curvature of the free water surface which is planar on the human eyes but 
locally deformed around the object. Capillary forces created by the local deformation of the water 
surface does not only support the insects to float on the water surface but also allow them to propel 
themselves laterally and to climb on the air-water interface [1-3]. Industrially, understanding 
floating objects is critical to the flotation separation of gold, diamonds and many other valuable 
minerals using free water surface (called the film or surface flotation) or air bubbles (called the 
froth flotation) [4, 5]. In these industrial applications, the particles of valuable minerals are rendered 
hydrophobic using a surfactant, thus capable of attaching themselves to and floating on the air-
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water surface while the unwanted particles remain wetted by water, do not attach to the water 
surface and sink to the bottom for discharge. The capillary theory of flotation originated from the 
work of Nutt [6] was developed [7]. It was pointed out by Nguyen and Schulze [5] that the particle 
weight is balanced by the buoyancy of the liquid displaced by the particle and air enclosed by the 
deformed meniscus (Figure 1) as per the Archimedes Principle applied to a fully immersed object. 
 
Figure 1. An (external) meniscus formed by the deformation of a water surface (infinite plane) by a 
floating sphere. Due to the rotation symmetry, a reduced cylindrical coordinate system (r, h) can be 
used to describe the deformation.  is the angular inclination of the air-water meniscus at the three-
phase contact towards the horizontal plane.  is the air-water surface tension. cr   is the radius of the 
contact point. 
The local deformation of the air-water surface in supporting the flotation of small objects is 
governed by the capillary action which inspired many investigators for a long time, including 
Thomas Young of England and Pierre-Simon Laplace of France [5]. Their celebrated Young–
Laplace equation (YLE) of capillary action relates the pressure difference, p, sustained across the 
interface to the surface tension and the shape of the interface as 2p   , where  is the mean 
curvature of the air-water interface. For an external meniscus shown in Figure 1, p is simply the 
hydrostatic pressure difference at the interface while the mean curvature can be described in terms 
of the second and first derivatives of the meniscus depth, h, with respect the radial coordinate, r. 
YLE can be described as follows: 
   
2 2
3/2 1/2
2 2
/ /
1 / 1 /
d h dr dh dr
gh
dh dr r dh dr
 
 
 
  
     
    
 (3.1) 
where  is the difference between the water and air densities. 
45 
 
Solution to YLE requires two boundary conditions. They are as follows: 
1) The boundary condition at the triple contact points, cr r , on the particle surface, 
tan
cr r
dh
dr


 
 
   (3.2) 
2) The boundary condition at infinity, 
0
r
dh
dr 
 
 
  .  (3.3) 
An additional condition, which is 0h   as r  , is already incorporated in Eq. (3.1). 
YLE described by Eq. (3.1) is a highly nonlinear differential equation. Its numerical solution 
has been the interest of many investigators since the mathematical challenge involves a two-point 
boundary-value problem with one boundary value at infinity and cannot be directly solved using the 
traditional numerical methods, such as the Runge-Kutta methods, designed to solve initial-value 
problems [8, 9]. Indeed, Huh and Scriven [11] transformed the two-point boundary-value problem 
into an initial-value problem by splitting the profile of the meniscus into two parts. The splitting 
point was chosen at a finite radial distance, 
*r  , but sufficiently far away from the triple contact line 
to ensure that the far-field part of the meniscus profile had a small slope ( / 1dh dr ) and, thus, 
could be calculated using an approximate solution to Eq. (3.1) such as the celebrated Poisson 
solution - see Eq. (3.8). A typically chosen slope was 0.5 degrees. Using the approximate prediction 
for the meniscus depth and the slope at the splitting point, the second part of the meniscus profile 
was obtained by the numerical integration of Eq. (3.1) back to the contact point using the Runge-
Kutta solver. The results is a set of families of solutions, parameterized by the radial coordinate of 
the splitting point and the slope of 0.5 degrees. The numerical data may be collected in the tabular 
form [10]. 
Rapacchietta and Neumann [8] proposed the shooting method to solve the two-point 
boundary-value problem. The shooting started with a guess for the maximum depth of the meniscus 
at the contact point and integrating Eq. (3.1) with the initial condition given by Eq. (3.2) to a 
faraway point but of finite radial distance, where the boundary condition of Eq. (3.3) was met with a 
small tolerance. The improved guess was then obtained using the Newton iteration method and was 
repeated until a stable solution was achieved. Unfortunately, we found that the initial-value problem 
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described by Eq. (3.1) and (3.2) were ill-conditioned, and, therefore, the shooting method was very 
unstable, especially when overshooting occurred, leading to a positive value for the meniscus depth 
which would be the physically unreal. Also, the tabulated numerical results obtained by Huh and 
Scriven’s approach usually require an interpolation scheme for meeting the condition described Eq. 
(3.2). This interpolation is often inaccurate, cumbersome, and tedious. The available results for 
YLE for the meniscus deformation are not suitable for quantifying the local deformation of the air-
water surface in supporting the floating spheres.  
The aim of this paper is to present a simple and stable yet efficient method to solve the 
Young-Laplace equation. The method is suitable for quantifying the meniscus deformation and 
flotation of spheres at the air-water free surface, through fitting the numerical results with the 
experimental data. 
3.2 METHOD OF SOLUTION AND SCHEME OF IMPLEMENTATION 
Solving Eq. (3.1) by the integration with respect to r suffer a serious problem of blow-up 
when there is a neck of the deformed meniscus because at the neck the first derivative of the 
meniscus depth with respect to radial distance approach infinity, i.e., /dh dr  . To avoid this 
blow-up problem, Eq. (3.1) can be parametrized and integrated using the arc length of the meniscus 
or the angle  of inclination of the meniscus. Here we conveniently use the angle of inclination as 
the parameter not only because it can be linked with the contact angle at the triple contact point at 
the particle surface but also the angle as an independent variable is mathematically tractable as 
discussed below.  
Knowing from differential geometry that  1tan /dh dr  , we can parametrize Eq. (3.1) 
into the following pair of the first-order differential equations: 
cos
sin
dx y
d xy

 


 (3.4) 
sin
sin
dy x
d yx

 


 (3.5) 
where /x r L   and /y h L  are the dimensionless variables.  The boundary conditions described 
by Eqs. (3.2) and (3.3) are transformed to the following equations: 
cx x  @    (at the triple contact points on the particle surface) (3.6) 
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0y   @ 0   (at infinity, i.e. x ) (3.7) 
where /c cx r L  is the dimensionless radius of the contact point.  
The problem at infinity can be overcome by using the approximate solution of Poisson for the 
far-field meniscus,    * *0 1/ tany K x K x    [5], which gives  
 
 
*
0* *
*
1
tan
K x
y
K x
 
 (3.8) 
 where Ki (i = 0, 1, 2,…) are the modified Bessel functions of the second kind and i-th order, and 
 * *,x y  are the unknown meniscus coordinates of the splitting point at a small angle, * , of 
meniscus inclination. Typically, 
*  = 0.5 – 0.1 degrees should be sufficient to ensure the accuracy 
of the Poisson solution and can be selected. 
The value of the parametrization of the Young-Laplace Equation (3.1) using the angle of 
inclination is the transformation of the mathematical problem into the typical two-point boundary-
value problem (TPBVP) as described by Eqs. (3.4), (3.5), (3.6) and (3.8) for  *    . A number 
of methods for solving these problems include shooting, finite difference and collocation methods 
[12, 13]. The shooting methods are simple and widely used, but are known to fail to converge for 
the current problem because its solutions are very sensitive to initial condition as discussed in the 
Introduction. The finite difference methods are not effective because of the high nonlinearity of the 
equations involved. Here we have used the collocation method. In this collocation method, the 
solution domain, *    , is meshed into n subintervals on which we wish to present the 
approximate solution using a cubic polynomial with unknown coefficients. To determine the 
unknown coefficients we impose the collocation conditions (which reinforce the satisfaction of the 
differential equations) at both ends and the mid-point of each subinterval. The collocation 
conditions form a system of nonlinear algebraic equations for the unknown coefficients of the cubic 
polynomial which can be solved iteratively by linearization. Two of these nonlinear algebraic 
equations are the boundary conditions described by Eq. (3.6) and (3.8). Therefore, in contrast to the 
shooting methods, the collocation solution to Eq. (3.4) and (3.5) is numerically approximated over 
the whole solution domain *     and the boundary conditions are taken into consideration at 
all times. Solving the nonlinear algebraic equations by linearization is also advantaged by using the 
linear equation solvers of Matlab, which employs matrix operations and is fast and efficient. Indeed, 
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our TPBVP can be solved using the collocation method developed in Matlab as the Matlab solver 
“bvp4c” or “bvp5c”. Actually, bvp4c (based on the Simpson rule) is very well known and found in 
a number of numerical codes. Therefore, this basic method of bvp4c is a fourth order approximation 
to the exact solution, while bvp5c is a fifth order approximation. The difference between bvp4c and 
bvp5c lies in their controls of errors: bvp4c controls the residual error which indirectly controls the 
true error; bvp5c controls the true error directly. We have found that both bvp4c and bvp5c work 
very efficiently with the TPBVP of YLE described by Eqs. (3.4), (3.5), (3.6) and (3.8). 
The iterative solution of the nonlinear algebraic equations for the unknown coefficients of the 
collocation equations requires users to supply a guess for the solution desired. We use different 
approximate analytical solutions to YLE to provide the guess for the numerical solution. For small 
contact radii, i.e., 1cx  , or small contact radii, the Derjaguin (composite) solution obtained by 
asymptotic matching yields [14, 15] 
 0
2 2 2
2
sin ln
sin
c
c
x
y x K x
x x x


  
 
 (3.9) 
For large contact radii, i.e., cr L , the following approximate solution to Eq. (3.1) can be 
obtained [5]: 
3/2
2 2 28 14sin 1 1
2 3 4c
y y
x
   
     
     (3.10) 
Equation (3.10) can be converted into a depressed cubic equation which can be solved 
employing the Cardano technique. The only one real root of the depressed cubic equation obtained 
by the Cardano approach can also be simply expressed by the hyperbolic method. Knowing y as a 
function of x and/or , as described by Eqs. (3.9) or (3.10), for the initial guess, we can obtain the 
needed dependence for y and x on  for the initial guess by integrating Eq. (3.4) with respect to  by 
the Runge-Kutta method which is available as the solver “ODE45” in Matlab.  
Figure 2 shows a flowchart to aid the comprehension of the numerical scheme proposed. 
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Figure 2. Flowchart representation of the numerical scheme developed in this paper. n is the 
number of subintervals required, which is chosen and inputted by the user. 
As shown in Figure 2, the implementation of the proposed numerical scheme involves the 
following five key steps: 
1) Parameter input for the contact radius, the angle of meniscus inclination at contact, 
* 0.5 0.1 degrees    and the number, n, of subintervals for the collocation method.    
2) Calculation of the values of the independent variables of the subintervals:
 * /i i n        for i = 0,1,2,…,n.  
3) Calculation of the values for the initial guess for x vs. i using Eq. (3.4) and either Eq. (3.9) 
or (3.10). It can be done using the solver ODE45 and Eq. (3.6) as the initial condition. 
4) Calculation of the values for the initial guess for y vs. i  using the initial guess for x and 
Eq. (3.9) or (3.10). 
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5) Solving Eqs. (3.4) and (3.5) using solver bvp4c together with BCs described by Eqs. (3.6) 
& (3.8) and the initial guess. 
 
 
Figure 3. Typical numerical results obtained for the profile of deformed meniscus with / 0.1cr L    
and different angles  of inclination at the contact point. The green lines show the Poisson solution 
for 
* 0.5    . The other lines show the results of the numerical scheme and the Matlab code 
developed in this paper. 
The output of the proposed numerical scheme includes the numerical values for x and y versus 
, which satisfy YLE and the boundary conditions at contact and infinity. The typical increment of 
 is 1 degree. The numerical scheme was implemented using Matlab, and the code was applied to 
model the profile of deformed meniscus by a floating sphere. An example of the modeling outputs 
is shown in Figure 3. The code is stable and efficient. In the following, the code is used to perform 
the fitting the experimental results with the theory to quantify the meniscus deformation. 
It is noted that the same profiles shown in Figure 3 were obtained by the shooting method 
using the best-guessed values for the meniscus depth cy  at the contact to start the integration of Eqs. 
(3.4) and (3.5) from    to 0  . The shooting continues by decreasing the guessed values for 
cy  by a small amount (typically 0.000001) until the meniscus depth at 0   asymptotically 
approaches 0
-
 (zero from the left) which is usually equal to -0.00001. Evidently, the shooting suffers 
from two significant challenges, i.e., the uncertainty in guessing the initial depth at the contact 
which is not known in advance and the long running time (as shown in Table 1). These challenges 
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make the shooting method unacceptable for developing a robust fitting of the numerical solution of 
YLE with experimental data of meniscus profile to quantify the interface deformation. 
Table 2. Comparison of running times between the new algorithm and the shooting method using 
the best estimation for the initial meniscus depth from the new algorithm 
Contact 
radius, 
/c cx r L  
Angle of 
inclination at 
contact,  β (o) 
Meniscus depth at 
contact, cy , by  
the new algorithm 
Guessed 
value for cy   
for shooting  
Running time (s) 
Shooting 
New 
algorithm 
0.1 5 -0.022 -0.025 27.550 0.062 
0.1 10 -0.043 -0.045 19.360 0.078 
0.1 60 -0.236 -0.24 38.719 0.156 
0.1 120 -0.329 -0.33 10.764 0.234 
0.1 150 -0.258 -0.26 23.556 0.218 
* If the magnitude of this guessed value is smaller than that of the correct value for cy  (which is not 
known in advance), overshooting occurs and runs forever. Here the best-guessed values (4
th
 
column) were selected based on the correct values (3
rd
 column) obtained by the new algorithm to 
warrant the shortest running times of the shooting method which are still longer than the new 
running times by an order of magnitude (The running time comparison shown in this table is very 
conservative). 
3.3 VALIDATION AND APPLICATION OF THE METHOD 
 
Figure 4. An image of a deformed air-water interface by a floating sphere with 2.00 mm in 
diameter as captured by a digital CCD camera. The coordinate system (x’, y’) of the camera is 
misaligned with the physical coordinate system (x, y) which is used to describe YLE. The image can 
52 
 
be physically aligned by rotating around the particle center, i.e., around the third axis (perpendicular 
to the xy plane), by an angle . 
The robustness of the method can be validated by applying it to quantify the interface 
deformation obtained by imaging the real interfaces. Shown in Figure 4 is an image of an air-water 
interface deformed by a floating sphere. The image was captured by a micro-video camera with a 
lighting source in the back and a diffuser to supply uniform light beams. Unfortunately, it is often 
difficult to align the camera to the axis of gravity which is the real physical coordinate of YLE. 
Therefore, the images are usually misaligned to the axis of gravity, i.e., they are imperfectly 
symmetric about the axis of gravity (Figure 4). The first necessary step is to re-align the image by 
rotation around the particle center. A Matlab code was developed to complete this task. 
Specifically, the image was first converted to grayscale and digitized. The boundary between the 
dark and gray parts of the image was detected by the Sobel method available in Matlab. The 
spherical part of the boundary was determined by tracing the two triple contact points. The tracing 
is based on the fact that when tracing along the boundary from left to right, the numerical values of 
the horizontal coordinate of the air-water interface increase until the left contact point is met, but 
when tracing from right the numerical values decrease until the right contact point is encountered. 
The vertical and horizontal coordinates of the spherical part was fitted to the circle to find the 
particle center. The digitized coordinates (x’ and y’) were offset to zero at the particle center. The 
method used to obtain the required angle of rotation was developed based on the fact that after 
rotation, the deformed meniscus should be symmetric, i.e., the left meniscus should be the mirror 
image of the right meniscus. The method is described in the following. 
The meniscus coordinate (x, y) obtained by the rotation are linked with its coordinate (x’, y’) 
before the rotation as follows: 
cos sin '
=
sin cos '
x x
y y
 
 
     
     
     
 (3.11) 
If  ,L Lx y  and  ,R Rx y  are the coordinates of the pair mirror-symmetric points of the left and 
right parts of the meniscus after the rotation, the condition of the symmetry requires 
L R
L R
x x
y y
   
   
     (3.12) 
Since the coordinates (x’, y’) of the digitized meniscus are known, Eq. (3.11) can be 
substituted to Eq. (3.12) which gives the required equation to be solved for the unknown angle of 
rotation for that particular pair of mirror-symmetric points. Regarding the corresponding pair of 
coordinates  ', 'L Lx y  and  ', 'R Rx y , we can only select one of them, say  ', 'L Lx y , from the 
meniscus digitized data to calculate the angle of rotation because there is no real physical reason for 
selecting the second coordinates  ', 'R Rx y  from the digitized data.  However, a functional 
dependence  ' 'R Ry f x  can be established using the digitized data of the right part of the 
meniscus (The functional dependence can simply be established using one of interpolation functions 
in Matlab). Therefore, three equations described by Eq. (3.12) and  ' 'R Ry f x  can be used to 
solve for the unknown angle of rotation and two unknown coordinates, '  and 'R Rx y . Again, these 
nonlinear equations can be solved using one of the solvers available in Matlab. 
The above-described procedure could be applied to any point  ', 'L Lx y  of the digitized 
profile of the left meniscus (or right meniscus) to obtain the angle of rotation. These multiple results 
for the angle of rotation were not identical because of the unavoidable errors of digitizing the 
image. Therefore, an optimization was needed to determine the angle of rotation. In the 
optimization, one of the identity conditions described by Eq. (3.12) was accepted, say
L Rx x  , and 
the second condition was relaxed, i.e.,  and L Ry y  could be different. The first condition gives 
' cos ' sin ( ' cos 'sin ) 0Li Li Ri Rix y x y          for 1,2,...,i n   (3.13) 
where n is the number of the digitized points available for the left meniscus, and the unknown 
coordinates of the right point are linked as follows: 
 ' 'Ri Riy f x  (3.14) 
It was further assumed that, while the second condition was relaxed, there would be a unique 
value for the rotation angle such that the sum of all squared differences  
2
L Ry y  is minimal. The 
minimum of the sum was found by setting the first derivative of the sum on the angle to zero, which 
in combination with Eq. (3.13) gives 
  
1
'sin 'cos ( 'sin 'cos ) 'cos 'sin 0
n
Li Li Ri Ri Li Li
i
x y x y x y     

      (3.15) 
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It is noted that the horizontal axis of the real physical coordinates of YLE is the planar surface 
of the initial water level as shown in Figure 1. The alignment of the deformed meniscus to the 
horizontal axis is difficult determined experimentally. Therefore, in addition to the rotation, vertical 
translation of the digitized meniscus profiles should be corrected. This unknown correction can be 
determined following the same principle of minimizing the sum of squares of  
2
L Ry y . The final 
equation can be described as follows:  
  
1
' sin ' cos ( ' sin ' cos ) ' cos ' sin
n
Li Li Ri Ri Li Li
i
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   
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 Comparing Eqs. (3.15) and (3.16) shows that the second term of Eq. (3.16) accounts for 
the correction to the experimental data of the meniscus profiles to align with the initial water level. 
The bisection method was used to solve Eq. (3.16) for  numerically. In each of the steps of 
the method, i.e., at each of the two ends of the bisection, Eqs. (3.13) and (3.14) were solved for 
'  and 'Ri Rix y  by the built-in function “fzero” of Matlab. 
 
Figure 5. Image shown in Figure 4 after rotation with angle  = 4.543° as determined by the 
proposed matching with the real physical coordinates of YLE. 
For the specific image shown in Figure 4, the proposed method predicts 4.543    for the 
rotation. The rotated image is shown in Figure 5. 
After having the image aligned with the real physical coordinate of YLE, the rotated image 
can be digitized and processed to obtain the coordinates (x, y) of the left and right menisci. The 
digitized meniscus profiles can now be matched with the theory to quantify the deformation of the 
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air-water interface by floating sphere. The profiles were scaled to mm using the radius of the 
sphere. 
After the rotation procedure implemented in Matlab, the image shows the expected rotational 
symmetry along the direction of gravity as shown in Figure 5. The angle of rotating and the data of 
the meniscus profiles were obtained. The angle of inclination at the triple contact points and the 
radius of the contact points can be now determined by fitting the numerical solution for deformed 
meniscus with the digitized data using nonlinear regression analysis [16]. The regression analysis 
best fits the numerical results of YLE (as described in this paper) with the experimental data by 
minimization of the sum, Q, of residual squares which is calculated as follows: 
 
2 2
model exp model, exp,
1
n
i i
i
Q h h h h

   
 (3.17) 
where h with the appropriate subscript describes the model and experimental meniscus depth and 
model exph h describes the norm of the column vector  model exph h . The sum of residual squares 
was minimized by changing the two model parameters (the angle of inclination at the contact points 
and the contact radius) using the Levenberg–Marquardt method [17]. The numerical codes were 
written in Matlab. 
 
 
Figure 6. Fitting results (blue lines) of the air-water interface (points) deformed by a sphere with a 
diameter of 2 mm. Many points of the digitized interface are hidden for clarity. The best fit gives 
o11.860   and 0.695 mmcr   for the left meniscus and 
o12.314   and 0.690 mmcr   for the 
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right meniscus. The corresponding contact angle on the particle surface is equal to
  oasin / 55.9c pr R    , where 0.690 mmpR   is the particle radius. 
Figure 6 shows the typical fitting results of the numerical solution of YLE (blue solid lines) 
and the digitized data (circles) of the meniscus profile shown in Figure 5. The correlation 
coefficient of the best fit was equal to 2 0.994R  . The correlation matrix of parameters estimated 
and approximate confidence limits are given the Supporting Information. These statistical details of 
the best fit confirm the excellent regression analysis proposed and completed in this paper. 
Knowing the contact radius and the angle of interface inclination at contact points, the contact angle 
on the particle surface can be calculated. Using the fitting results given in the caption to Figure 6, 
the calculation of the contact angle gives o55.9   for both the left and right meniscus. The contact 
angle result also confirms the robustness of the method for determining contact angle on floating 
particles by the fitting. Evidently, this method underlies the governing physics of capillarity and is 
much better than the common method, whereby contact angle is usually measured directly based on 
the definition of contact angle, i.e., the angle between the tangents to the meniscus and the sphere 
surface at the contact point. 
3.4 CONCLUSION 
In this paper, the novel algorithms for solving highly nonlinear YLE and analyzing the local 
deformation of the air-water surface by a floating sphere were developed. The novel algorithm for 
solving YLE parametrized using the angle of meniscus inclination was developed based on the 
collocation method. The infinite solution domain was reduced to the finite domain using the 
Poisson solution for the far-field deformation with the inclination angle from 0 to 0.5 - 0.1 degrees. 
The finite solution domain was meshed into subintervals on which the approximate solution was 
obtained using a cubic polynomial with unknown coefficients. These unknowns were solved 
iteratively by linearization using the Matlab solver “bvp4c” and the initial guess of the Derjaguin 
composite solution for a small contact radius or the approximate solution for a large radius. The 
novel algorithm was shown to be superior (stable, fast and accurate) to the shooting methods.  
The novel algorithm for processing the images of the air-water interface captured by the 
camera was also developed to transform the images to the physical coordinates of YLE using the 
mathematical foundation of rotation and symmetry.  
The novel algorithm for solving YLE was successfully applied in the nonlinear regression 
analysis to best fit the theory with the experimental meniscus profiles to quantify the deformation 
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using the Levenberg–Marquardt algorithm for minimizing the sum of residuals. The codes written 
and ran in Matlab were fast, stable and accurate. The quantification of the deformation yielded the 
contact radius and angle of meniscus inclination at contact, which could be used to determine 
accurately the contact angle between the deformed meniscus and the spherical surface. Finally, the 
outcomes of this paper would be relevant to quantifying many amazing interfacial phenomena and 
industrially important processes being governed by the capillary effect such as the flotation 
separation of valuable minerals worth billions of dollars annually. 
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Graphic Abstract 
 
Highlights  
 Contact angle (CA) of floating spheres is not constant. 
 CA hysteresis occurs randomly due to small-scale surface roughness. 
 CA is reliably determined by the meniscus method.  
 The force analysis method over-predicts average CA of floating spheres.  
 CA distribution impacts the stability analysis of floating spheres. 
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ABSTRACT 
The contact angle (CA) as a measure of surface hydrophobicity is of scientific and 
technological importance for many wetting and dewetting processes. CA hysteresis (i.e., the 
difference between the advancing and receding CAs) due to roughness on a flat surface has been 
recognized but is not considered in the stability analysis of floating particles. In this study, the CA 
of single floating spheres at the air-water interface was determined directly from the deformed 
meniscus by applying a new method recently developed by our team (Feng, D.-x. and Nguyen, A. 
V., 2016. A novel quantitative analysis of the local deformation of the air-water surface by a 
floating sphere. Colloids and Surfaces A: Physicochemical and Engineering Aspects, Vol. 504, pp. 
407-413). The experiments for each of the single spheres were repeated to estimate the variation in 
the CA. The experimental results show a normal distribution of the CA. The CA hysteresis occurs 
randomly because of the dispersion of small-scale surface roughness. This random hysteresis 
substantially affects the stability analysis of floating spheres. The analysis also shows that the CA 
determined by the force balance method (valid for ideally smooth surfaces) yields higher values 
than those determined on the basis of the deformed meniscus around the particle. This difference is 
attributed to the effect of surface roughness on the CA hysteresis, which should be considered in 
analyses of the stability and detachment of floating particles. 
Keywords: contact angle hysteresis; air-water interface; floating spheres 
 
4.1  INTRODUCTION 
Floating spheres at the air-water surface are primarily supported by bouyances and capillary 
forces, and have been analyzed and quantified using the contact angle (CA) [1-2]. Recently, it is 
shown [3] that the pinning of the contact line at the sharp edge on spheres, known as the Gibbs 
inequality condition (GIC), can significantly change the CA from the receeding CA to the 
advancing CA, and thereby controls the stability and detachment of floating spheres. Truncated 
spheres with different angles of truncation were used to examine the effect of the GIC on the CA 
and the stability of floating spheres. The GIC could become the determining factor in invalidating 
the classical theories on the floatability of spheres. Similarly to the effect of the GIC on the CA and 
the stability of floating spheres, we show in this paper that the change in the CA by small surface 
roughness of millimeter spheres (macroscopically smooth under examination by optical 
microscopy) can also be significant in the stability analysis of floating spheres. 
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As the primary parameter used to interpret the wettability and hydrophobicity of a surface, the 
CA plays a substantial role in many industrial processes, including flotation, liquid coating and 
printing [4-7]; intensive attention has thus been devoted to CAs since the early nineteenth century. 
Young developed a well-recognized relationship between the surface tension/specific surface 
energy and the CA [8]. CA measurements can be easily performed on an ideal flat surface. 
Normally, the CA of a liquid drop on a solid surface is defined by the mechanical equilibrium of the 
drop under the action of three interfacial tensions/energies for the three phases involved.   
Techniques for measuring CA fall into two main groups: the direct optical method and the 
indirect force method [9]. The direct optical method involves measuring the CA through optically 
imaging and analyzing the contact point subtended by a drop or a bubble on a solid surface. By 
contrast, the indirect force method involves determining the CA through measuring the wetting 
forces along the perimeter of a shaped object as it is immersed into or extracted from a liquid. 
However, CA measurement methods are limited with respect to geometry because most of these 
techniques are conducted using a planar surface (the sessile droplet technique) or a well-defined 
sample such as a plate or tube with known dimensions (the Wilhelmy plate technique). 
If the characterized solid surface is ideal (i.e., rigid, flat, smooth and chemically 
homogeneous), then measurement and interpretation of the CA would be straightforward in that it 
would simply correspond to the CA of the well-known Young equation. However, most real 
surfaces are rough and heterogeneous to some extent [10]. In the case of such surfaces, the only 
measurable value is the apparent CA, which may differ substantially from the ideal CA. Wenzel and 
Cassie proposed popular approaches to interpreting the measurable apparent CA on a flat surface by 
combining the Young equilibrium CA with surface roughness factors and chemical heterogeneity 
factors. The Wenzel CA is interpreted by including the roughness ratio,  , where   and   are the 
apparent and Young equilibrium CAs, respectively, and r is defined as the ratio between the true 
and apparent surface areas of the solid [11]. Cassie’s equation is applied to porous surfaces or 
chemically heterogeneous flat surfaces,  , where   and   are the area fractions of materials 1 and 2 
[12]. Although the literature contains extensive evidence demonstrating the validity of these 
equations, debates over the range of applicability of the Wenzel and Cassie theories have 
periodically arisen. Many researchers have proposed that Wenzel’s and Cassie’s theories are 
applicable only to evenly distributed rough and heterogeneous surfaces and thus require 
modification in most real cases [13-16].  
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As techniques and advanced equipment develop, novel methods are being introduced to 
measure the CA of individual particles to explore the behavior of single particles and physical 
contact down to the fundamental theoretical level. The CAs of an individual spherical colloidal 
particle can be determined using atomic force microscopy (AFM) through analysis of the 
interaction forces, as reported by Ducker et al. [17], Preuss and Butt [18-20], and Ralston et al. [21]. 
These works indicate that AFM appears to be a useful tool to determine the CA for single particles 
and can provide valuable insight into intermolecular forces. However, the analysis involves several 
assumptions and ambiguities and the measurements themselves require a complicated experimental 
setup and calibration. Hence, interaction-force analysis by AFM is an unpopular method for CA 
determination, as explained by Johnson et al. [22].  
Individual particles located at a gas-liquid interface have been analyzed by many researchers, 
including Nguyen and Schulze [23]. The weight of the particles is balanced by the adhesive force 
consisting of surface tension forces, buoyancies, and the hydrostatic pressure force. The CA is an 
important factor in determining the adhesion strength of the floating particles. In this paper, we 
adopt a newly developed methodology to determine the CA by fitting the experimental meniscus 
profile by solving the Young-Laplace equation (YLE) [24]. This method captures the physics of 
meniscus deformation and is accurate compared to other direct optical methods used to determine 
the CA of individual floating spheres. Our results show that the value of the CA varies along the 
contact line in the real case, even for surfaces with nanoscale roughness. Understanding the 
variation of the CA is important for better understanding the floatability of multiple particles at gas-
liquid interfaces, as demonstrated in the latest literature [3].    
4.2  EXPERIMENTAL METHOD 
4.2.1 Materials 
Small borosilicate glass beads (Sigma-Aldrich, Australia) were used as the model spheres in 
the experiments. The beads were thoroughly cleaned in a laminar flow cabinet, where they were 
soaked in alkaline cleaning solutions prepared from potassium hydroxide, water and ethanol 
(12.5:16:80 mass ratio) and then vigorously rinsed many times with deionized (DI) water. The DI 
water was freshly purified using a setup consisting of a reverse osmosis RIOs unit and an Ultrapure 
Academic Milli-Q system (Millipore, USA). The surface tension of the DI water was approximately 
0.072 N/m, and this value was used for the calculation. To increase the hydrophobicity of the 
spheres, the cleaned spheres were esterified in 1-octanol for 4 h [25], washed with acetone, and 
dried in a clean-air-flow cabinet. 
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4.2.2 Determination of contact angle 
A cubic transparent container with a suitable volume of water was used to form a stable air-
water interface. A single sphere held with tweezers was advanced very slowly to the air-water 
interface and was freed from the tweezers when its bottom first touched the interface; it could float 
because of the capillary effect and because of its relatively high hydrophobicity. A high-resolution 
macro-camera was mounted onto a stable tripod attached firmly to an antivibration table to control 
the accuracy of this procedure. The camera was also used to capture the images of the floating 
sphere using a lighting source of uniform light beams on the other side of the camera. After the 
pictures were taken, the single sphere was carefully removed by two pipets and dried under the 
clean air flow in a clean dish. Replicate measurements were conducted with the same sphere several 
times. The images were processed in Matlab following the novel procedures described in a previous 
study [24]. The physical coordinates and scales of the meniscus profile were obtained by scaling the 
pixel data with the real sphere radius. A novel algorithm for solving the YLE was applied in the 
nonlinear regression analysis to best fit the meniscus coordinates using the Levenberg–Marquardt 
algorithm, which minimized the sum of the residuals between the experimental and predicted 
heights of the meniscus. By this procedure, the CA between the deformed meniscus and the 
spherical surface was determined accurately. 
4.3 RESULTS AND DISCUSSION  
4.3.1 Variation of contact angle on single spheres  
Figure 1 shows an example of the comparison between the experimental and modeling results 
for a profile of the air-water interface deformed by a floating sphere. The deformed profile of the 
air-water interface was obtained by a novel procedure that involved solving the YLE and numerical 
fitting [24]. The CA was determined with high accuracy. The CA value of the single floating sphere 
varies within a range, as shown in Figure 2. The scattered data were statistically processed to 
produce a distribution. A suitable binning of the data was found using the histogram function of 
Matlab. The distribution of the CAs is shown in Figure 3. With further analysis, this variation of the 
CA was found to follow a normal distribution described by the following probability distribution 
function: 
 
 
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 

 
  
  
  
 (4.1) 
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where 83.684 deg   and  
22 5.711 deg   are the mean and variance of the distribution, 
respectively. The numerical values for the mean and variance were obtained using the “fitdist” 
function of Matlab. 
 
Figure 1. Fitting results (red circles) of the air-water interface deformed by a sphere with diameter 
2 3mmpR  , and a contact angle =75.346 deg. 
 
Figure 2. Experimental results for the contact angle on a single floating sphere with 2 3mmpR  . 
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Figure 3. Distribution of CA obtained by repeated measurements for a single sphere with 
2 3mmpR  . The column chart shows a histogram of the results shown in Figure 2. The curve 
shows the probability density function described by Eq (4.1). 
 
Figure 4. Correlation between contact angle and angular position of the contact point,
 asin /tpc pr R  , where tpcr  is the measured radius of the contact point.  
As concluded from the previously reported research, no simple correlation exists between a 
single physical parameter and the CA because the CA is influenced by numerous factors, including 
the particle size and surface properties. In the case of a single particle floating on the free water 
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interface, the information of a contact position on the sphere can be determined by 
 asin /tpc pr R  , where tpcr  is the measured radius of the contact point. In Figure 4, we plot the 
correlation between the CA and the angular position of the contact point. This result demonstrates a 
linear relationship between the CA and the angular position of the contact point, which is described 
by the equation 0.972 20.423   , where the angles are given in degrees. Moreover, CA 
hysteresis is evidenced as a CA variation spanning a wide range. This result is significant for the 
analysis of the stability of the floating sphere because the CA no longer has a fixed (constant) value 
(independent of the contact position) as assumed in the available theories. This aspect will be 
further discussed in the Section 3.3.    
4.3.2 Comparison with contact angles determined by force balance method  
For particles floating on a free liquid surface, a balance exists between the gravitational and 
supporting forces. The available theories show that the capillary force, which is a function of the 
CA and contact position, can play a substantial role in stabilizing floating particles. The available 
theories [23] yield the following balance equation for the forces exerted on the floating sphere at the 
air-water interface:  
   
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where many parameters are defined in Figure 5, 
pR  is the particle radius, and is the particle 
density;  is the depth of deformed meniscus, which is obtained by solving the YLE [24]. Briefly, 
 is also a function of contact position and CA: 
( , )H f     (4.3) 
An example of the available prediction for H is given by the Derjaguin equation for contact points 
of small radii [20]:  
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, where  /L g    is 
the capillary length. In this paper, H was obtained by numerically solving the YLE [24]. 
By analyzing the images,  asin /tpc pr R   can be determined. Additionally, knowing the 
density and radius of the sphere, the water density and the surface tension, the CA was back 
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calculated from Eqs. (2) and (3). Figure 6 compares the CAs determined by the deformed meniscus 
technique with those determined by the force balance method. 
Figure 6 shows that the CAs back calculated by the force balance method is systematically 
higher than the CAs determined by the deformed meniscus method. To examine the reason for the 
difference between the two sets of CAs, we calculated the meniscus profile using the back-
calculated CAs and compared it to the experimental profiles. The comparison shows that the 
meniscus obtained using the back-calculated CAs always overpredicts the experimental profile. An 
example is shown in Figure 7. This evidence shows that the CA back calculated by the force 
balance method is rather inaccurate and should not be used. 
 
Figure 5. Comparison of contact angle values determined by the force balance method (red) and 
deformed meniscus method (blue). 
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Figure 6. Comparison between the experimental meniscus profile:  y f x  (blue dotted lines) 
and the predicted profiles obtained by numerically solving the YLE using the boundary condition at 
the contact point,  / tandy dx    , where   is determined by the force balance method (red 
lines, top panel) and by the meniscus method (red lines, bottom panel). 
4.3.3 Impact of the CA variation in analyzing the stability of floating spheres 
On the basis of the conventional theory, the CA on a single floating sphere should be 
constant; also, only one CA corresponds to one contact position as per the force analysis. However, 
in this paper, we discover that the CA is neither constant for a single sphere nor the same for the 
same contact position. These findings display the complexity of the practical condition and 
demonstrate the CA hysteresis in a new perspective. A CA distribution is accepted to exist for 
different particles of the same size [26]. However, for a single particle, researchers do not consider 
the significance of the CA distribution and just take an average CA to characterize surfaces and 
their interactions instead of taking the surface heterogeneity and CA distribution into account. For 
example, in the literature, the CA is considered a constant in the analysis of the stability of floating 
particles [23]. The stability analysis leads to the finding of the stable angular position, m , on the 
sphere surface that gives the maximum of the forces supporting the floatability of the sphere. For 
small particles, the capillary force described by the first term on the right-hand side of Eq. 
错误 ! 未找到引用源。  is the dominant force, and the stability analysis requires that 
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 2 sin sinp m mF R        is maximized. Because   is constant, the maximum condition leads 
to / 2m  . If the mean CA, 83.684 deg  , as determined in this paper, is considered, the 
equation gives 41.842 degm  . However, the CA on the sphere is also a function of  as shown 
in Figure 4. The maximization of F  with 0.972 20.423    gives 45.463 degm  . This result 
shows an important effect of the CA variation on the stability analysis of floating spheres that has 
not been considered previously. The mean CA of the variation is still not sufficient for an adequate 
analysis of the particle stability.  
Our discovery here challenges the traditional methods that take only one CA to represent the 
hydrophobicity of a certain material. A possible reason for this phenomenon is the existence of an 
unevenly distributed surface roughness. As noted in the literature, even nanoscale roughness can 
cause CA hysteresis [27, 28]. Figure 8 shows that the roughness of the measured surfaces varies for 
different parts of the spheres, thus causing hysteresis to differing degrees. Accordingly, this 
hysteresis leads to the CA variation in even a single sphere. 
 
Figure 7. AFM (atomic force microscopy) scanning results for the surface roughness of a sphere 
(with diameter 2 3 mmpR  ) selected randomly from the many spheres used in the experiments. 
From the comparison of contact angle determined by the best fitting method and the force 
balance method, we can see that contact angle determined by force analysis could not represent the 
real contact angle of the particles. In the other aspect, the force analysis should be revaluated for its 
applicability as it is derived based on a symmetrical system with one constant contact angle. Thus 
the analysis of floating behaviors of particles and its stability should be reconsidered. Though 
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contact angle variation in our study followed the normal distribution, there is still need for further 
statistic analysis for the contact angle variation combining the characterizing the surface roughness.  
4.4 CONCLUSIONS  
In this paper, we measured the CA of single floating spheres using a new method involving fitting 
the meniscus profile of the deformed interface. The results reveal that the CA is not constant and 
varies within a specific range and that a CA distribution exists, even for an individual sphere 
because of the surface roughness. On this premise, the conventional flotation theory is confronted 
with challenges on the analysis of the stability and detachment of floating particles. The challenge 
for the future is to be able to quantify the CA distribution with a statistical method and give an 
“explicit” CA that can be applied to practical cases according to the surface morphology and 
chemical heterogeneity.  
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ABSTRACT 
Floating objects on the air-water interfaces are central to a number of everyday activities, 
from walking on water by insects to flotation separation of valuable minerals using air bubbles. The 
available theories show that a fine sphere can float if the force of surface tension and buoyancies 
can support the sphere at the interface with an apical angle subtended by the circle of contact being 
larger than the contact angle. Here we show that the pinning of the contact line at the sharp edge, 
known as the Gibbs inequality condition, also plays a significant role in controlling the stability and 
detachment of floating spheres. Specifically, we truncated the spheres with different angles and 
used a force sensor device to measure the force of pushing the truncated spheres from the interface 
into water. We also developed a theoretical modeling to calculate the pushing force that in 
combination with experimental results shows different effects of the Gibbs inequality condition on 
the stability and detachment of the spheres from the water surface. For small angles of truncation, 
the Gibbs inequality condition does not affect the sphere detachment and hence the classical 
theories on the floatability of spheres are valid. For large truncated angles, the Gibbs inequality 
condition determines the tenacity of the particle-meniscus contact and the stability and detachment 
of floating spheres. In this case, the classical theories on the floatability of spheres are no longer 
valid. A critical truncated angle for the transition from the classical to the Gibbs inequality regimes 
of detachment was also established. The outcomes of this research advance our understanding of the 
behavior of floating objects, in particular, the flotation separation of valuable minerals, which often 
contain various sharp edges of their crystal faces.  
Keywords:  Gibbs inequality, truncated spheres, gas-liquid interface, tenacity 
 
5.1  INTRODUCTION 
Floating objects on the air-water interfaces are central to many daily activities, both natural 
and industrial. Examples include the climbing on meniscus and walking of insects on the surface of 
lakes and rivers [1]. Industrially, floating objects are critical to the flotation separation of gold, 
diamonds and many other valuable minerals using air bubbles [2, 3]. The flotation process utilizes 
the differences in the affinity of solid particles to air bubbles rather than water [4]. The process is 
usually preceded by crushing and grinding the rock to liberate the valuable minerals as fine 
particles. The slurry is then mixed with surfactants to hydrophobize the wanted particles while 
leaving the remaining material wetted by water. Air bubbles are then injected into the slurry, 
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allowing hydrophobic particles to attach onto the bubbles, rising to the slurry surface, which 
overflow the lip of the cell into the concentrate launder. The hydrophilic particles do not attach to 
the bubbles and settle to the bottom to be discharged.  
The particle floatability and hence the flotation efficiency is limited by the particle size 
because big, heavy particles can be detached from the air-water interfaces by gravitational forces 
and turbulence of mixing. The literature on the particle floatability at the air-water interface is rich 
and is dated back to the 1930’s [4]. It is accepted that the surface tension force is critical to 
supporting the particles at the air-water interface again its own weight and many other disruptive 
forces. For instance, when a particle is pulled away from the air-water interface (Figure 1) by its 
weight, the capillary force, F , acting again the disruption is calculated as the projection of the 
surface tension onto the axis of gravity (the disruptive force), giving 
2 sin sinpF R      (5.1) 
where 
pR  is the particle radius and the other symbols are explained in the capture to Figure 1. 
The capillary force F  is a function of the three-phase contact position on the particle surface, 
which is usually considered to be constrained by the contact angle, namely, 
     (5.2) 
 
Figure 1. Schematic of a sphere attached to a free water surface (blue).  is the particle contact 
angle (measured through water).  is the angular inclination of the air-water meniscus at the three-
phase contact towards the horizontal plane. 2  is the apical angle subtended by the circle of 
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contact.  is the surface tension of the air-water interface. The sphere can be truncated at a central 
angle 
02  and the spherical cap marked by the dotted line is removed. 
The constraint described by Eq. (5.2) has been recognized as an important property of 
analyzing the particle stability and detachment. For example, inserting Eq. (5.2) into Eq. (5.1)  gives 
 cos 2 cospF R          , which shows that this supporting force has a maximum of 
   
max
1 cospF R      at 2  . Therefore, if the disruptive force, dF , against the particle 
stability increases, the particle will be pulled downward into the water, and  will decrease. As   
decreases, F  increases, at first, reaches the maximum  maxF  at / 2   and then decreases. At 
dF F , there are two roots for the apical angle of the contact point, namely, 
0.5 0.5acos cos /d pF R         , the larger of which may be seen geometrically to 
correspond to the stable equilibrium of particle at the water surface and the smaller to an unstable 
equilibrium.  
The forgoing principle of the stability of particle at the air-water interface was experimentally 
confirmed by Nutt in 1960 [5]. The magnitude of the strength of adhesion of the particle to the air-
liquid interface was examined using silicone-treated glass beads of 0.2-1mm in diameter. The 
detachment was determined by subjecting the particle attached at the interface to a centrifugal field, 
which was increased steadily until the supporting force was no longer able to stabilize the particle at 
the interface and the later sank into the liquid under the centrifugal force. The experimental results 
for the critical force agreed with the theory. This experimental method, referred to as the centrifugal 
immersion method, was further revised and improved for quantifying the particle detachment from 
the air-liquid surface by Schulze et al.[6]. They showed that the largest size (0.4-1.1 mm in 
diameter) of particles stably attached to the air-liquid surface decreased exponentially with the 
centrifugal acceleration, up to 50 units of the acceleration due to gravity. A similar technique called 
the pendulum impact technique [3] was also used to investigate the particle stability at the air-water 
surface. In this technique, a bubble with the attached particles is held by the bubble holder. A 
vibration of the bubble-particle aggregate, which is produced by the impact of the pendulum on the 
bubble holder, causes the particle detachment. In addition, the shear stress on the bubble-particle 
aggregate at its movement upon the pendulum impact can dislodge the particle from the bubble 
surface. The critical pendulum velocity causing the particle detachment can be determined by the 
gradual change of the pendulum angle relative to the direction of gravity, which is the axis of the 
bubble holder. The experimental results obtained by the pendulum technique show the significant 
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effect of the particle hydrophobicity produced by the hydrophobizing reagent on the largest size of 
particles which can stably attach to the air-water surface.  
The adhesion of a particle attached to the air-water surface can also be measured by the 
method of sphere tensiometry using a force balance, which is similarly used in determining surface 
tension by the Du Noüy and Wilhelmy methods [4] whereby the ring or the plate are detached from 
the solution surface. Unlike the Du Noüy and Wilhelmy methods, the underlying physics of the 
sphere detachment in measuring the surface tension by the sphere tensiometry is complicated [7-9] 
(and hence the sphere tensiometry is not widely used). Significantly, the contact angle hysteresis is 
well established experimentally for many solid surfaces and hence   the contact angle in Eq. (5.2) is 
not constant, but can change from the minimum value of the receding contact angle to the 
maximum value of the advancing contact angle. The change in contact angle on small spheres 
during their pulling from an air-liquid interface and its significant effect on force and work of 
detachment was experimentally demonstrated by Pitois and Chateau [10]. Recently, adhesion of 
spheres with sharp edges to air-liquid interfaces was examined by using the AFM (atomic force 
microscopy) colloidal probe technique [11]. The spherical colloidal probes were modified with a 
circumferential cut to produce two circular sharp edges. When the modified spheres glued onto the 
end of the AFM cantilever were brought to contact with the air-liquid interfaces, the contact line 
was significantly pinned at the edge of the cut, and a significant contact angle hysteresis was 
determined. The authors showed that the contact angle at the edge could take a range of values 
within limits defined by the Gibbs inequality condition. The condition was famously postulated by 
Gibbs [12] that during the pinning of the three-phase gas-liquid-solid contact line at the sharp edge 
the contact angle can be increased by the angle (measured via the solid phase) between the edge 
surfaces. The Gibbs inequality condition was shown to influence the adhesion force. 
Referring to the geometry of the floating truncated sphere depicted in Figure 1, the Gibbs 
inequality condition affects the angle, , of inclination (to the horizontal axis) of the air-water 
meniscus at the contact point. On the spherical part, we have     . At the sharp edge of 
truncation,  changes from the value of  0   on the spherical side to the value of   on the 
horizontal side or vice versa, depending on whether the liquid phase advances or recedes on the 
solid surface. Therefore, the Gibbs inequality condition gives 0        at the sharp edge of 
truncation. 
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We note that if the contact angle changes on the particle surface, the mathematical 
determination of the maximum force,  cos 2 cospF R          , to support the stability of 
particle at the air-liquid surface becomes difficult since the contact angle becomes a function of the 
polar coordinate of contact point,  f  , and therefore, the condition of the maximum defined 
by 2   may be no longer valid. Indeed, the generic condition should be described by 
/ 0dF d   , which has not been investigated. Therefore, the current paper aims to qualify further 
the effect of the Gibbs inequality condition on the stability and detachment of truncated spheres 
from the air-liquid interface. We provide a theoretical analysis of forces involved and conduct the 
experiments to obtain the needed validation of the theoretical modeling. 
5.2 THEORETICAL MODELING 
5.2.1 Analysis of forces on a truncated sphere at the air-liquid surface 
The modeling of forces on spherical particles attached to a gas-liquid interface is established 
in the literature [3, 13, 14]. Therefore, the details are not repeated here. The analysis of the available 
models can be generalized to obtain the following generic equation for both spherical particles and 
truncated spheres:  
 sinc c lmg L A H g V g        (5.3) 
where cL  is the perimeter of the gas-liquid-solid contact circle, cA  is the area of the contact circle, 
m is the particle mass,  is the liquid density, g is the acceleration due to gravity,  H   is the depth 
of the deformed gas-liquid interface at the contact circle (the meniscus depression) and lV   is the 
volume of the spherical part immersed in the liquid. Eq. (5.3) agrees with the Archimedes principle, 
i.e., the particle weight is balanced by the buoyance of the liquid displaced by the particle and air 
enclosed by the deformed meniscus: The second term (the pressure force) on the right-hand side of 
Eq. (5.3)  is the weight of the liquid cylinder above the contact area, while the first term (the 
capillary force) is equal to the weight of the liquid volume enclosed by the deformed air-liquid 
interface and the cylinder 
3
. The weight of the air volume is significantly smaller than the weight of 
the liquid volume and is neglected in Eq. (5.3).  
Table 1. Perimeter, area of contact circle and volume of spherical cap in the liquid 
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0   0   
2 sinc pL R   0
2 cos tanc pL R    
2 2sinc pA R   
2 2 2
0cos tanc pA R    
 32 3cos cos / 3bV       
3
0 02 3cos cos / 3bV      
0 if         
0 0 if           
   
By considering the angular position (α) of the actual contact point relative to the position ( 0 ) 
of the sharp edge of truncation we can establish the various equations for the parameters on the 
right-hand side of Eq. (5.3). The results are described in Table 1. 
Many approximate equations for the meniscus depression at the contact point, including the 
Poisson equation and the Derjaguin equation can be used for H in Eq. (5.3). However, without loss 
of generality, the meniscus depression is obtained by solving the Young-Laplace equation 
numerically [3]. 
5.2.2 Effect of the Gibbs inequality condition on the stability and detachment 
Shown in Figure 2 are the typical results for the supporting force, as described by the right-
hand side of Eq. (5.3), for a small particle of Rp = 100 m and a big particle Rp = 2.5 mm with two 
truncated angles 0 13
o   and 0 25
o  , and the contact angle 60o  . In the case of small 
truncated angle ( 0 13
o  ), the maximum force is still around 30o which is far away from the 
sharp edge of truncation and determines the stable equilibrium of floating particles. In this case, the 
effect of the Gibbs inequality condition on the particle stability and detachment is insignificant. 
However, the effect becomes very significant for large angles of truncation ( 0 25
o  ): at the sharp 
edge, the supporting force sharply increases and can be a strong barrier which must be overcome by 
the disruptive forces needed for detaching the floating particle from the water surface. The results 
shown in Figure 2 for two typical particle sizes, big particles, and small particles are unique because 
their Bond numbers, 2 /pBo gR  , are of the significantly different orders of 1 and 0.001, 
respectively. Evidently, the absolute magnitude of the force barrier strongly depends on the particle 
size. Surprisingly, this strong effect of the Gibbs inequality condition on the stability of floating 
particles has not been reported previously. 
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Figure 2. Effect of the pinning of the contact line at the sharp edge, known as the Gibbs inequality 
condition, on supporting force of particles floating at the water free surface. It is given by the right-
hand side of Eq. (5.3)  and scaled by dividing by 2 pR  . Under a given set of conditions, the curve 
sections on the left side of the maximum force present the unstable equilibrium, while those on the 
right side show the stable equilibrium of the floating particles.  
5.2.3 When does the Gibbs Inequality condition start governing the stability and detachment 
of floating truncated spheres? 
It is also important to know the angle of truncation at which the Gibbs inequality condition 
starts showing the effect on the stability and detachment of floating spheres. This critical angle, 
0
c , 
of truncation can be established by equating the largest supporting force at the sharp edge to the 
largest supporting force at the peak of the smooth part of the force curve shown in Figure 2. 
Therefore, the critical condition gives   
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 (5.4) 
where the angular position, m , of the contact point at the maximum force is mathematically 
determined by the condition of maximum, i.e., the first derivative of the left-hand side of Eq. (5.4) 
with respect to m  must be equal to zero. The right-hand side of Eq. (5.4) is actually the right-hand 
side of Eq. (5.3) being calculated using the parameters of the right column of Table 1. 
The results of the numerical solution to Eq. (5.4) are shown by the symbols in Figure 3. It 
noted that small spheres, i.e., 1Bo , we have / 2m   and Eq. (5.4) yields 
0sin sin( ) sin sin
c
m m       which can be solved to give 
 
0
1
asin tan  for  1
2 2
c Bo


 
  
   (5.5) 
 
 
Figure 3. Numerical results (symbols) and approximation by Eq. (5.5) (line) for the critical 
truncated angle which starts to govern the stability and detachment of floating truncated spheres. 
The numbers in the legend show different values of the root square of the Bond number. 
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In addition, since the sine function is limited by 1, Eq. (5.5) must met the condition
2arctan(2) 126.8    . Eq. (5.5) is shown by the solid line in Figure 3 and fits rather very well 
with the numerical results for the top size of particles meeting the condition 1Bo  . It corresponds 
to 2.7 mmpR   for a clean water surface. Another approximation, i.e., 
  0 1asin tan 1 0.0056 0.1067 cos
2 2
c Bo

 
 
    
 
 is also found to provide a good fit with the 
numerical results, in particular, for the large contact angles and large Bond numbers
¶
. These 
predictions for the critical angle of truncation was used to guide the preparation of truncated spheres 
to achieve the desired angle of truncation for producing different effects on the stability and 
detachment of truncated spheres which are demonstrated in Figure 2.  
5.3 EXPERIMENTAL METHOD 
5.3.1 Materials 
Borosilicate glass beads (Sigma-Aldrich, Australia) were used as the model spheres in the 
experiments. The beads were individually truncated to produce truncated spheres as described 
below. Both the glass spheres and truncated spheres were thoroughly cleaned in a laminar flow 
cabinet by soaking in alkaline cleaning solutions prepared from potassium hydroxide, water and 
ethanol and (12.5:16:80 mass ratio), and vigorously rinsed many times with deionized (DI) water. 
The DI water was freshly purified using a setup consisting of a reverse osmosis RIO’s unit and an 
Ultrapure Academic Milli-Q system (Millipore, USA). The surface tension of the DI water was 
close to 0.072 N/m and was used for  in the calculation.  
The cleaned spheres were accurately truncated using an AccuStop Specimen Holder for 
controlled material removal and target preparation (Stuers, Australia).  A sphere was first fixed into 
the center-located hemisphere groove on a cylinder mount of 30 mm in diameter with a melting 
candle and held by a special holder and then polished with very fine SiC foil (#1200, 200 mm in 
                                                          
¶ Actually, for large Bond numbers (i.e., large particles), the maximum of supporting force (referred to as the 
tenacity) as described by either side of Eq. (5.4) also increases sharply with particle size as the buoyance is 
the dominating factor. In this case, the disruptive force by gravity also sharply increases with particle size 
and density, which becomes the key parameter controlling the particle stability and detachment. Further 
details are available in the SI document. 
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diameter, Stuers, Australia) attached to a suitable adapter magnetically fixed to the grinding 
machine (Struer, Australia). The AccuStop device can hold specimens of 30 mm in diameter and 
can manually pre-set the grinding depth with an adjustment ring with high accuracy (20 m). This 
precision was ensured by a wear-resistant ceramic base at the bottom of the AccuStop to prevent 
further removal of material and kept the grinding surface totally planar. The well-prepared truncated 
spheres were placed within boiling water bath to have the remained wax layer removed thoroughly 
and then washed by the alkaline cleaning solution.  
The truncated sphere held in the hemisphere groove on the cylinder mount was then glued 
with thin glass rode at the center of the planar surface of truncation. The gluing was done using a 
small amount of epoxy resin (Selleys Araldite Super Strength, Australia). To achieve high 
precision, a video camera with micro-lenses was used to monitor this gluing procedure. A 3-D 
micromanipulator was used to adjust the position of the thin rode with glue on its end until it 
reached the center of the planar surface of the truncated sphere. 
5.3.2 Experimental setup and procedure of measurements 
 
Figure 4. Schematic of experimental setup which consists of a force sensor, a motorized stage, a 
liquid cell, a test particle, a high-speed camera with lighting and focusing optics, and a PC for 
synchronizing the motion of the motorized stage and the force measurement, and storing the data. 
Figure 4 shows the experimental setup which comprises 1) a force sensor (XS205 Dual Range 
Analytical Balance with 0.01 mg accuracy, Mettler Toledo, USA), 2) a motorized stage 
(L490MZ/M Motorized Lab Jack, Thorlabs, Cambridgeshire, UK), 3) a rectangular liquid cell 
(optically transparent) for containing the liquid, 4) a test particle mounted to the bottom of the force 
sensor, 5) a high-speed camera video microscopy system (Fastcam SA3, Photron, USA) and 6) a PC 
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for synchronizing the motion of the motorized stage and the force measurement, and storing the 
data. The liquid cell was placed on the motorized stage for moving up and down relative to the test 
particle. The force sensor and the motorized stage were operated by the PC by a LabView hardware 
and software developed in-house to synchronize the distance travelled by the stage and the force 
measured by the sensor as a function of time, thus allowing the determination of the measured force 
as a function of the vertical position of the stage (i.e., the un-deformed air-liquid interface). The 
force sensor and the motorized stage were enclosed in a Perspex box to isolate the effect of local 
airflow on the motion of the test particle and the air-liquid interface. To minimize vibration and 
disturbances, the whole setup was placed on a vibration isolation table in an air-conditioned 
laboratory at room temperature of 23 
o
C. 
 
Figure 5. An example of the force measured by the sensor versus the distance traveled by the 
motorized stage. From air (Part 1), the particle jumps into contact with the air-liquid interface (Part 
2), pulls into the liquid (Part 3) by wetting, pushes into the liquid phase by the upward motion of the 
motorized stage (Part 4). The motorized stage moves beyond the detachment and stops (Part 5). It 
then retracts back to the initial position through Part 7 and Part 8). 
The test (truncated) particle prepared for the force measurements (described in Section 5.3.1) 
was initially attached to the force sensor. Then the force sensor with a mounted particle in the air 
was offset to zero. The required solution contained in the liquid cell on the motorized stage was 
initially placed and centered underneath the particle. The motorized stage was moved upward to 
bring the air-liquid interface toward to the test particle. The particle then jumped into contact with 
the interface, slowly merged into the liquid through the interface. After reaching the required 
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position of the particle fully immerged in the liquid phase, the stage started retracting to bring the 
test particle back to the gas phase. The upward and downward speed of the motorized stage was 
0.01 mm/min. Figure 5 shows a typical diagram of the force versus distance. The whole process 
was also recorded by the high-speed camera with a light source and a diffuser to supply uniform 
light beams. The videos were used in conjunction with the force-path curves to analyze the 
interaction of the test particle with the air-liquid interface, its stability, and detachment. To avoid 
the jumping-in at the first attachment of the particle to the interface and the instability caused, the 
force measurements were started and recorded with the test particle (pre-wetted) merged in the 
liquid. 
 
Figure 6. Definition of distances traveled by the contact point on the particle surface (d) and by the 
undeformed interface (h), i.e., the motorized stage at the position/time “i” and the off-set 
position/time “0” at the sharp edge. h and d are the distances of the motions relative to the offset 
position. Hi and H0 are the depths of the meniscus depression. 
5.3.3 Method of converting the force-distance data into the force-angle data    
Since our primary interest is the motion of the particles into the liquid phase, our analysis 
focuses on the advancing of the contact motion as depicted by the last small section (Part 4) of the 
measured force vs. distance until the detachment (Figure 5). Therefore, the first step of quantifying 
the experiments is to determine the advancing contact angle of the sphere. Here we use a consistent 
approach where the calculated forces, Eq.(5.3), on the particle versus the meniscus depression were 
fitted to the measured force versus the stage position. The approach was used to determine the 
maximum force on the sphere [7, 15] and the advancing contact angles. We obtained  = 90±0.5 
degree for the advancing contact angle of the spheres. 
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 We also used the videos recorded by the high-speed camera video microscopy to identify the 
moment when the contact line reached the sharp edge and took this position as the reference to 
offset the distances. By doing so, we could convert the experimental position data into the contact 
position on a sphere with regard to the apical angle, . The distance balance relative to the offset 
position is as follows (Figure 6): 
0ih H d H      (5.6) 
where 0 ih h h    is the distance traveled by the un-deformed meniscus (i.e., the motorized stage) 
relative to the offset point and 0 id d d    is the distance traveled by contact point relative to the 
offset point. Eq. (5.6) is generally valid as each of its two sides describes the distance traveled by 
the triple point relative to undeformed water surface at the selected reference. h  can be calculated 
from the measured distances 0h  and ih . d  is an unknown variable, but can be described as a 
function of the angular position of contact points as follows: 
 0cos cosp id R      (5.7) 
The depths of the meniscus depression can be obtained as a function of the radius of the 
contact point by numerically solving the Young-Laplace equation and can be described as follows:  
 0 0sinpH f R    (5.8) 
 sini p iH f R   (5.9) 
Since the angle, 0 , of the sphere truncation is known, Eq. (5.6) - (5.9) can be solved for the 
apical angle of the contact points from the measured position of the motorized stage. 
5.4 RESULTS AND DISCUSSION 
5.4.1 Experimental results 
Figure 7 shows the typical images of the particle-meniscus interaction during the advancing of 
the particle into the liquid phase (Parts 4 and 5 of Figure 5). The images (2) and (3) show a strong 
evidence of the deformation and stretching of the meniscus at the sharp edge of truncation. The 
contact angle hysteresis and contact line pinning at the edge are also visually detectable. 
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It is noted that although the spheres were not especially hydrophobized by using any 
surfactant, the cleaned glass spheres became more hydrophobic if left in clean, dry atmosphere 
overnight after cleaning. They also became more hydrophilic if left in deionized water overnight. 
This change is due to the dehydration and hydration of SiOH groups in contact with dry inert gasses 
and water, respectively. Although the advancing contact angle of spheres was 90 degrees, the 
receding contact angle was around 23 degrees, which is expected.  Many dozens of the glass 
spheres used in the experiments displayed the same range of advancing and receding contact angles. 
These values for contact angles are not anti-fact. Indeed, advancing contact angle is critical to the 
studies of stability and detachment of floating spheres as the air-water interface is stretched. 
 
Figure 7. Sequential images of the advancing of a truncated sphere 0 60
o   and 2.5 mmpR  ) 
into the liquid phase: (1) a contact at the beginning, (2) the first moment of contact point at the 
sharp edge of truncation, (3) the last moment of maximum contact point at the sharp edge of 
truncation, and (4) the first moment after the detachment of contact point from the sharp edge (The 
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detachment of the particle from the air-water interface could be immediately followed if the angle 
of truncation were larger than the critical one). 
Figure 8 shows the experimental data for the measured force versus distance traveled by the 
motorized stage during the advancing of the truncated spheres into the liquid phase. As expected, 
after shortly reaching the maximum force the spheres were detached from the air-water interface 
and moved into the liquid phase. In the following section, the effect of the sharp edge of truncation 
is analyzed and compared with the results of the modeling. 
 
 
Figure 8. Experimental results for force versus distance traveled by the motorized stage for the 
motion of the truncated spheres with 0 30
o    (circles) and 0 60
o   (squares) ( 2.5 mmpR  ) into 
the liquid phase. 
5.4.2 Comparison between experimental and theoretical results 
Typical experimental results shown in Figure 8 can be converted into the supporting force 
versus the angular position of contact point as described in Section 5.3.3. The converted results are 
shown by the symbols in Figure 9. The advancing contact angle is  = 90±0.5 degree as discussed 
in Section 5.3.3. Shown by lines in Figure 9 are the theoretical results calculated using Eq. (5.3). 
The theory agrees with the experimental results. Both the theory and experiments show the 
significant effect of the pinning of contact line at the sharp edge on the maximum force (tenacity) in 
supporting the flotation and attachment of the truncated spheres at the air-water interface. 
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Specifically, in the case of a large angle of truncation (
0 60
o  ) the tenacity significantly increases 
from 1.34 mN (of no truncation) to 2 mN. This increase in tenacity without changing the particle 
hydrophobicity is important for supporting the flotation of the truncated sphere against its own 
weight and external disturbances. 
 
 
Figure 9. Comparison of supporting force between the experimental results (symbols) and model 
results by Eq. (5.3) (lines) for the motion of the truncated spheres into the liquid phase. 
5.4.3 General discussion 
Solid particles are normally prepared by the gradual breaking big chunks of solid like rocks 
by mechanical devices. They have different shapes and surface defects with sharp edges. For 
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examples, mineral particles recovered by froth flotation are known to have different crystal 
structures, faces, and edges, which can have a significant effect on the efficiency of their recovery. 
Shown on the left side of Figure 10 is a picture of a cubical particle of galena stably attaches to a 
bubble at the edge of the crystal surfaces. The main force holding the galena particle attached to the 
bubble is the surface tension on the edge of the cubical face. The surface discontinuity at the edge 
helps the contact angle stretch to support the particle stability against the pulling of gravitational 
forces and mixing, from a minimum contact angle (typically of 60
o
) on the vertical crystal face to 
maximum contact angle (150
o
) on the (horizontal face. The maximum contact angle of 150
o
 is equal 
to the minimum contact angle of 60
o
 plus the angle of  90
o
 between the crystal faces, as per the 
Gibbs equally condition. The special crystal structure of galena particles explains the highest 
recovery of galena (with a density of 6500 kg/m
3
) over a wide range of particle size among the 
known minerals recovered by flotation in the industry (Figure 10). It is noted that sphalerite (ZnS) 
also has special crystal edges of isometric hextetrahedral structure and displays the highest recovery 
over a wide range of particle size because sphalerite (with a density of 4000 kg/m
3
) is lighter than 
galena. Also, irregular particles shapes and edges have recently been recognized as an important 
factor leading to successful flotation experimentally [3, 17-22], but a quantitative understanding of 
these factors is far from being satisfactory. Likewise, irregular shapes, edges, and dimensions of 
many small creatures like insects are experimentally known to play an important role in their ability 
to walk on the water free surface and climbing the menisci, [1, 23] but their theoretical reasoning is 
still missing.   
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Figure 10. A galena (PbS) mineral particle stably attached to an air bubble in flotation (left) [16] 
and highest recovery of galena among the known minerals recovered by flotation in the industry [3] 
as shown on the right side (reproduced with permission). 
It is noted that the Gibbs inequality theory as shown here presents a general condition for all 
the particles with sharp edges. Its significant effect on stabilizing floating particles as proven using 
spherical particles (for simplicity) in this paper is applicable to any floating particles. Therefore, 
both the theoretical and experimental results shown here advance not only our understanding of the 
stability and detachment of floating objects on the water surface but also bubble-particle 
detachment interactions in the flotation separation of valuable minerals, which often contain various 
sharp edges of their crystal faces. The next step is to extend the analysis shown here to the air-water 
interface with a finite radius of curvature like air bubbles used in flotation. This paper provides the 
useful results in the limit of the particle size being significantly smaller than the bubble size, which 
is often the case of flotation. Otherwise, the outcomes of this paper are applied to the film or surface 
flotation, where a mixture of particles is fed gently to the water surface, making hydrophilic 
particles like quartz or clay sink to the bottom while hydrophobic particles like diamond or gold 
remain attached to the water surface for skimming off [3, 24, 25]. 
5.5 CONCLUSION 
In this paper, we investigated the stability at and detachment of truncated spheres from, the 
water free surface theoretically and experimentally. In the experiments, we accurately truncated 
small spheres with different angles of truncation and carefully glued the truncated sphere to a wire 
at the center of the circle of truncation. We used a motorized stage to push the water free surface 
against the sphere suspended to a force sensor to obtain the supporting force versus distance 
traveled by the un-deformed water free surface, which was converted to the force versus the angular 
position of the contact point on the sphere surface.  Our theoretical analysis was developed based on 
the force balance and the consideration of the local deformation of the water free surface by the 
sphere and the Gibbs inequality condition, i.e., the pinning of the contact line at the sharp edge of 
truncation. Our theoretical analysis and experiments revealed an important interplay of the Gibbs 
inequality condition in governing the stability and detachment of floating spheres.  If the truncated 
angle is smaller than the critical value, the Gibbs inequality condition does not affect the sphere 
detachment and hence the classical theories on the floatability of spheres are valid. If the truncated 
angle is larger than the critical value, the Gibbs inequality condition determines the tenacity of the 
particle-meniscus contact and the stability and detachment of floating spheres. In this case, the 
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classical theories on the floatability of spheres are no longer valid. The critical truncated angle for 
the transition from the classical to the Gibbs inequality regimes of detachment was established as a 
function of the contact angle and the Bond number. Overall, our research shows the important role 
of a sharp edge in the interfacial behavior of floating objects like truncated spheres, which can be 
significant for the flotation separation of hydrophobic particles using air bubbles.  
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ABSTRACT 
Particle floatability at the water surface encountered in nature and industrial often occurs in 
the presence of many particles, but the available theoretical developments are based on the flotation 
of single particles. Here experiments were conducted to compare the floatabilities of single and 
multiple spheres on the air-water interfaces. Specifically, the forces on floating single spheres and 
their pairs versus the depth of deformed interface were measured using a force sensor combined 
with high-speed video microscopy and modeled based on the 3D Young-Laplace equation which 
was numerically solved. The experimental and theoretical results for the vertical forces supporting 
the floatability of the pairs of spheres agree well. The maximum measured forces on the pairs were 
equal to the sum of the maximum forces measured on two single spheres individually, but the forces 
measured on the single spheres and their pairs at different depths of interface deformation were 
different. The vertical forces supporting the floatability of the sphere pairs can better tolerate the 
interface deformation than the same force on two single particles. This evidence is also supported 
by the experiments with multiple particles floating at the surface of water-ethanol mixtures. Adding 
ethanol into water reduced the surface tension of water and the floatability of particles at the water 
surface, but the floatability of multiple particles was sustainable at much lower critical surface 
tensions than that for single particles, invalidating the classical theories. Lateral inter-particle 
interactions influence the floatability of particles and should be considered in its modeling. 
Keywords: film flotation; capillary stability; Young-Laplace equation  
 
6.1 INTRODUCTION  
The floatability of objects at the water surface is central to a number of everyday activities, 
both natural and industrial. In nature, it underpins the walking and climbing of insects on the 
surface of lakes and rivers. In the industry, it can govern many important processes, from the 
flotation of ships on the surface of oceans and rivers to the separation of coal particles from clays 
and valuable minerals from rocks [1, 2]. The floability of big objects like ships on the ocean surface 
is controlled by buoyance and hydrostatic pressure against their weight and dynamic forces. Many 
surface aspects are not important in controlling the floatability of these big objects as the volume 
forces are the dominant factors. However, for small particles like coal and minerals encountered in 
film flotation and froth flotation, surface chemistry becomes quite important since the size of these 
particles are comparable with the capillary length of the air-water surface, / ( ) 2.7 mmL g    , 
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where is the surface tension,  is the difference between water (the lower phase) and air (the 
upper phase) and g is the acceleration due to gravity. Indeed, the available theories show that the 
capillary force which is a function the surface tension and contact angle can play an important role 
in stabilizing floating particles at the water surface [3-7]. The theories have provided the following 
balance equation of forces on a floating sphere at the air-water surface [2]: 
   
3 3
3 2 2
4
2 sin sin 2 3cos cos sin
3 3
p p
p p
R g R g
R R H g
   
         

        
(6.1) 
where 
pR  is the particle radius, is the particle density and  is the contact angle. The other 
parameters are defined in Figure 1 in chapter 1. The first term on the left-hand side of Eq. (6.1) 
describes the capillary force on the circular three-phase contact (TPC) between the particle and the 
water surface, the second term the buoyance of water on the particle volume immerged in water and 
the third term the force of hydrostatic pressure on the circular contact area. These three forces 
support the particle flotation against its weight on the right-hand side of Eq. (6.1). 
It is noted that the supporting forces on the left-hand side of Eq. (6.1) changes as the TPC 
position changes along the particle surface, but the right-hand side of Eq. (6.1) remains constant: 
With increasing , the magnitude of the supporting forces increases, reaching a maximum, and then 
decreases. For small particles, the maximum of the supporting forces occurs at / 2m 
approximately. The largest size of floating particles can be predicted accordingly. The predictions 
have been experimentally validated and confirmed by a number of methods for force measurements 
[8-10]. A number of shortfalls of the simplified theories have also been identified, analyzed, and 
discussed in the literature. Significantly, the value of contact angle contained in Eq. (6.1) can 
fluctuate during the motion of the TPC line, and contact angle hysteresis has been recognized as an 
important parameter governing the stability and detachment of particles from the air-water interface 
[11, 12].  Recently, we show that the pinning of the contact line at the sharp edge, known as the 
Gibbs inequality condition (GIC), is also important in controlling the stability and detachment of 
floating spheres  [13]. The GIC was examined using truncated spheres with different angles of 
truncation. It was shown that the classical theories on the floatability of spheres could be valid for 
small angles of truncation because the GIC did not affect the sphere detachment. However, for large 
truncated angles, the GIC became the determining factor, and the classical theories on the 
floatability of spheres were no longer valid. 
Another important aspect of the available theories on particle floatability is the consideration 
of single spheres, while in the industrial processes the air-water interface is usually loaded with 
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many particles. A classical example of the industrial process is the film flotation process in which a 
mixture of fine hydrophobic and hydrophilic particles are gently fed onto a water surface, forming a 
particle-laden interface. Hydrophilic particles do not attach to the water surface and sink to the 
bottom, while hydrophobic particles float on the surface and are thereby separated from non-
floatable hydrophilic particles. Adding alcohols to water can reduce the surface tension, capillary 
force, and hydrophobicity of solid particles. By this way, a Zisman plot can be constructed and 
shows the change in the cosine of the contact angle  against the surface tension [1]. The critical 
surface tension is the specific value of the surface tension extrapolated to zero contact angle (cos = 
1), where all the particles should sink from the particle-laden surface into the bulk of the solutions 
[14]. 
In an industrial processes such as the film flotation, the floatability of particles at the air-water 
surface can be affected by the nearby particles and, therefore, the classical theories as presented by 
Eq. (6.1) has to be extended and validated. One of the strong evidence and support for the influence 
of the nearby particles on the particle floatability is the lateral capillary attraction between two 
floating particles on the gas-liquid interface which was first examined by Nicolson in 1949 [15]. 
These two floating particles laterally attract because of the unbalanced interfacial deformation and 
the effect of gravity (They tend to approach each other to minimize the total energy). In the case of 
a single sphere, the interfacial deformation around the particle is symmetric and balanced. However, 
the interfacial deformation around each of the two floating particles losses its symmetry and 
changes the horizontal component of the capillary, buoyance and pressure forces on the particles, 
which cause the lateral attraction or repulsion between the particles. The interfacial deformation 
was obtained by Nicolson [15] who assumed that meniscus slope would be small and the Young-
Laplace equation could be linearized. The Nicolson approximation for the lateral capillary attractive 
force, hF , can be described as follows: 
 
2
12 2 /h
Q
F K d L
L
  (6.2) 
where 2d is the interparticle center separation distance, K1 is the modified Bessel function of the 
first kind and first order, and  sin sinpQ R      is referred to as the “capillary charge” of the 
particles (because of the analogy with electrostatic interaction between two capillary monopoles, 
with like charge “capillary charge” attracting, rather than repelling). The effect of d on the lateral 
capillary force was experimentally and theoretically investigated and reported in the literature [16-
18]. However, the relationship between the meniscus depression and vertical capillary force on 
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multiple floating particles is not well studied but can be significant to the particle floatability. This 
paper does not focus on the well- investigated effect of d but concentrates on the vertical capillary 
force on multiple particles versus the meniscus depression. 
The main theoretical difficulty in determining the lateral capillary force involves solving the 
YLE, which is a second-order non-linear partial differential equation determining the interfacial 
deformation around the particles. Gifford and Scriven [19] developed a numerical approach for the 
case of two identical parallel cylinders of infinite length, and the results showed that, for small 
Bond numbers, 
2( / )pB R L , lateral interaction force was well described by an exponential 
function of distance between two floating particles, similar to the Bessel function in Eq. (6.2). This 
conclusion was subsequently re-examined and confirmed for asymmetric systems [20]. Other 
approximations for lateral capillary interactions were developed for the (gravity-induced) lateral 
capillary forces between floating spheres at a gas-liquid interface [21] and the lateral capillary force 
(termed the immersion force) between two spheres on a flat solid surface but wetted by a liquid film 
using the solution of linearized YLE in the bipolar coordinates [22]. In addition to the gravity-
induced lateral capillary forces, the lateral interactions can also be affected by electrostatic 
repulsions between charged colloids and electro-capillary attractions arising from the electro-
dipping interactions [23], and multipolar capillary attractions emerging from the pinning of the 
deformed meniscus around particles with irregular shapes or rough surfaces [24]. While the gravity-
induced lateral capillary force is the dominant factor governing lateral interaction between large 
(mm) floating particles, the other forces can become important for lateral interactions between 
colloids.  
The review of the recent literature reveals that the lateral capillary interactions present the 
significant difference between single spheres and multiple spheres floating at the water surface. 
Given these significant lateral capillary interactions, it is not known if the classical theories as 
presented by Eq. (6.1), developed and validated for the floatability of single spheres can be applied 
to the case of multiple floating particles. This paper aims to provide an answer to this critical 
question by conducting the suitable experiments and theoretical analysis that have enabled us to 
compare and contrast the floatabilities of large (mm) single and multiple spheres at the air-water 
surface. 
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6.2 EXPERIMENTAL METHOD 
6.2.1 Materials and preparation 
Borosilicate glass beads of a few mm in size (Sigma-Aldrich, Australia) were used as the 
model spheres in the experiments. The spheres were first thoroughly cleaned (in a laminar flow 
cabinet) by soaking in alkaline cleaning solutions prepared from potassium hydroxide, water and 
ethanol (12.5:16:80 mass ratio), and vigorously rinsed many times with deionized (DI) water. The 
DI water was freshly purified using a setup consisting of a reverse osmosis RIO’s unit and an 
Ultrapure Academic Milli-Q system (Millipore, USA). The cleaned spheres were then left and dried 
in the laminar flow cabinet. The dried spheres were then immersed in boiling 1-octanol (Sigma-
Aldrich, Australia) for 4 hours under reflux to get hydrophobized surfaces, which are referred to as 
the Oct–silicon. The hydrophobized spheres were cleaned with acetone (AR grade) and then 
cleaned ultrasonically with ethanol (15 min), and washed with copious amounts of Millipore water 
before being dried under a clean air stream. The rest (or “Young”) contact angle of the 
hydrophobized spheres was approximately 85−90°. Some were used to conduct the film flotation 
experiments. A few spheres were chosen for gluing with a thin glass rode to carry out the force 
experiments (the process was studied using a combination of a force sensing device and high-speed 
video microscopy as described below). In this gluing process, a chosen sphere was firmly held in 
the hemisphere groove created on a stable solid surface and was then glued to the thin glass rod at 
the top center. The gluing was done using a small amount of epoxy resin (Selleys Araldite Super 
Strength, Australia). To achieve high precision, a video camera with micro lenses was used to guide 
and monitor this gluing process. A 3-D micromanipulator was used to adjust the position of the thin 
rod with the glue on its end until it reached the apex of the particle. 
6.2.2 Experimental setups for measuring forces on floating spheres  
Figure 1 shows the experimental setup. It comprises the flowing key items: 1) a force sensor 
(XS205 Dual Range Analytical Balance with 0.01 mg accuracy, Mettler Toledo, USA), 2) a 
motorized stage (L490MZ/M Motorized Lab Jack, Thorlabs, Cambridgeshire, UK), 3) a rectangular 
liquid cell (optically transparent) for containing the solution, 4) a pair (or single) particles mounted 
to the bottom of the force sensor, 5) a high-speed camera video microscopy system (Fastcam SA3, 
Photron, USA) and 6) a PC for synchronizing the motion of the motorized stage and the force 
measurement, and storing the data. The liquid cell was placed on the motorized stage for moving up 
and down relative to the test particles. The force sensor and the motorized stage were operated by 
the PC using a LabView hardware and software developed in-house to synchronize the recording of 
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the distance traveled by the stage and the force measured by the sensor as a function of time. It 
allows for the determination of the measured force as a function of the vertical position of the stage 
(i.e., the un-deformed air-liquid interface). The force sensor and the motorized stage were enclosed 
in a Perspex box to isolate the effect of local airflow on the motion of the test particles and the air-
liquid interface. To minimize vibration and disturbances, the whole setup was placed on a vibration 
isolation table in an air-conditioned laboratory at room temperature of 23 
o
C. 
 
Figure 1. Schematic of experimental setup which consists of a force sensor, a motorized stage, a 
liquid cell,  a pair of test particles at the air (A) - water (W) interface, a high-speed camera with 
lighting and focusing optics, and a PC for synchronizing the motion of the motorized stage and the 
force measurement, and storing the data.  
We first conducted the force measurements with each of two single spheres separately. The 
prepared particles (described in Section 6.2.1) was initially attached to the force sensor, and then the 
force sensor with the mounted particle in the air was offset to zero. The required solution contained 
in the liquid cell on the motorized stage was initially placed and centered underneath the particle. 
The motorized stage was moved upward to bring the air-liquid interface toward to the test particle. 
The particle then jumped into contact with the interface, slowly merged into the liquid through the 
interface. After reaching the required position of the particle fully immerged in the liquid phase, the 
stage started retracting to bring the test particle back to the gas phase. The upward and downward 
speed of the motorized stage was slow, typically of 0.01 mm/min. The whole process was also 
recorded by the high-speed camera with a light source and a diffuser to supply uniform light beams, 
which was time-consistent with the force-path data. The videos were used in conjunction with the 
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force-path curves to analyze the interaction of the test particles with the air-liquid interface, its 
stability, and detachment. The same procedure was performed for a pair of particles, which were 
firmly and rigidly aligned in parallel and attached to force sensor with an adjustable distance.  
6.2.3 Film flotation experiments using multiple spheres and single spheres  
Film flotation experiments were conducted using a shallow cylindrical container (5cm in 
diameter) with a micro camera installed at the top to record the images of remained particles. A 
number of hydrophobized spheres were initially placed at the bottom of the container. Then a 
specific volume of Millipore water was gently introduced into the container slowly and carefully to 
make the spheres floating at the air-water interface. Different known volumes of ethanol were then 
injected into the container to decrease the surface tension of the solution and cause the particles 
detaching from the gas-liquid interface. This procedure was repeated for both single particles and 
multiple particles. The percentage floating particles (recovery) versus the surface tension was 
determined using the counted number of particles remaining floated at the surface recorded by a 
camera. 
6.3 THEORETICAL MODELLING AND ANALYSIS 
6.3.1 Numerical solution of 3D Young-Laplace equation for a pair of spheres  
For quantification and analysis of the experimental results for forces, the primary and vital 
task is to solve the Young-Laplace equation to obtain the meniscus deformation of the interface as 
shown in Figure 2.  
 
Figure 2. A side view of a pair of spheres floating at the air-water surface at the plane y = 0 of the 
Cartesian coordinate system (x, y, z). The plane z = 0 is the initial planar air-water interface. The 
plane y = 0 passes through the centers of the spheres. The plane x = 0 is the plane of symmetry of 
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this system. h is the depth of deformed air-water interface. 1  and 2  are the two angular positions 
of the contact points on the y = 0 plane. β is the angular inclination (towards the horizontal plane) of 
the air-water outer meniscus (on the y = 0 plane) at the three-phase contact. H0 is the depth of the 
sphere centers (measured from the initial water level), H1 and H2 are the depths of the inner and 
outer contact points on the z-x plane. 2d is the interparticle center separation distance. 
The generic formulation for the Young-Laplace equation (YLE) is expressed as follow:  
2
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The gradient operator in Eq. (6.3) is defined as follows: 
h h
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 
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, where i  and j  
are the base unit vectors of the Cartesian coordinate system in the x- and y-directions.  The compact 
form of YLE (6.3) is useful for applying the divergence theorem in calculating the forces as 
described in the next sections. For the numerical integration, it is convenient to have Eq. (6.3) 
expanded into the following form: 
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where xh , yh , etc. describe the partial derivatives with respect to x and y. Eq. (6.4) was numerically 
solved employing the finite element method with triangular meshing scheme. The boundary 
conditions for the partial differential Eq. (6.4) include: 1) the Dirichlet boundary conditions (BCs) 
at the three-phase contact lines (TPCLs) between the air-water interface and the spheres and 2) the 
Dirichlet boundary conditions at infinity (i.e., far away from the spheres). 
Since the TPCLs are located on the spherical surfaces of the particles, the Dirichlet BCs at the 
TPCLs can be parametrically described conveniently using the radial, azimuthal and polar 
coordinates  , ,r    of the spherical coordinate system [22] of the origin located at the particle 
center (on the right-hand side of Figure 2). The linkages between the Cartesian  , ,s s sx y h  and 
spherical coordinates  , ,p sR    of the TPCLs are described as follows: 
sin coss p sx d R     (6.5) 
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sin sins p sy R    (6.6) 
0 coss p sh H R    (6.7) 
where the azimuthal coordinate,  , changes from 0 to 2 . The polar coordinate, s , is limited by 
the horizontal inclination of the TPCLs, and can be determined as a function of s  from the 
projection of the TPCLs onto horizontal plane of 0z H  which is described as follows: 
2 2
sin cos cos cos sin sin
1
sin sin sin
s s     
  
   
    
     (6.8) 
where 1 2 1 0 0 2
1 1
acos acos
2 2 2p p
H H H H
R R
 

  
    and 2 1acos
2 sinp
H H
R



 . As defined in the 
Cartesian coordinate system in Figure 3, 0H , 1H  and 2H  are negative. 
The Dirichlet boundary conditions at infinity is described as follows: 
 , 0h x y  
 (6.9) 
The computational problem at infinity can be overcome by using the approximate solution of 
Poisson for the far-field meniscus at a sufficiently large but finite boundary  * * *, ,x y h , which gives 
[2]: 
         
2 2 2 2
* * * ** *
* 0 1
,
tan  /
x y x yh x y
K K
L L L

    
    
   
      (6.10) 
where Ki (i = 0, 1, 2,…) are the modified Bessel functions of the second kind and i-th order, and *
is a small angle of meniscus inclination at the boundary. Typically, *  = 0.05 degrees should be 
sufficient to ensure the accuracy of the Poisson solution. A circle of the radius 
   
2 2
* * 10 px y R   can be selected for the outer boundary. 
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6.3.2 Quantitative analysis of experimental meniscus profiles  
Here we describe the quantitative analysis of images captured by high-speed video 
microscopy.  The camera was focused at the y = 0 plane as illustrated in Figure 3. Digitizing the 
images gives the meniscus profiles and the profiles of the particle surfaces at the y = 0 plane. 
Knowing the diameter (1 mm) of the spheres, the digitized profiles of the particle surface can be 
used to convert the pixel data into the unit of length. These results for the deformed profiles of the 
air-water interface can be fitted with the numerical solution of the YLE at the y = 0 plane to 
quantify the experiments, e.g., to determine the four contact angles at the y = 0 plane. The best fit 
was conducted by minimizing the sum of residual squares of the experimental and theoretical 
depths of the meniscus,  
2 2
model exp model, exp,
1
n
i i
i
Q h h h h

    . The best fit includes adjusting a 
small difference H  (added to the depths H0, H1 and H2) and * . The adjustment of the three 
depths was needed because the initially planar surface of water was often out of the camera view 
and, therefore, was not captured by the camera (due to the high magnification used and strong 
interface deformation before the detachment of particles from the interface). A small rotation of the 
images was also needed because of the misalignment between the camera axis and the direction of 
gravity as discussed in our previous paper [23]. The Levenberg–Marquardt method [24] was applied 
for minimizing the sum of residual squares by changing the three parameters, i.e., H , *  and the 
rotation of images. The numerical codes were written in Matlab. 
6.3.3 Calculation of forces on the spheres 
There are three forces acting on the floating spheres at the air-water interface, which include 
1) the capillary force, cF , which act on the TPLCs, 2) the force of hydrostatic pressure, pF , on the 
spheres and 3) and the weight, 
34 / 3pgR , of spheres. If an external force, exF , is applied to the 
particle in the direction of gravity as in the case of the force measurements, the force balance yields 
34 / 3p ex c pgR F F F    . Since the force sensor with the attached particles in air was offset to 
zero at the beginning of each of the force measurements, we have: 
 ex c pF k F F    (6.11) 
where k  is the base unit vector of the Cartesian coordinate system in the z-direction 
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The capillary force is calculated by summing the force of surface tension along the length, 
TPCLl , of the TPCL.  We have:  
Fc⃗⃗  ⃗ = 2 ∮ σ⃗⃗⃗⃗  dslTPCL
                (6.12)   
The force of hydrostatic pressure can be calculated by integrating the hydrostatic pressure, hp , on 
the sphere over its surface with a total area of sA , giving:    
𝐹𝑝⃗⃗ ⃗⃗  = 2∮ 𝑒𝑛⃗⃗⃗⃗ 𝑝𝑛 𝑑𝑠𝐴𝑠
                    (6.13) 
where sin cos sin sin cosre i j k        is the unit vector of the sphere surface normal [22]. 
The hydrostatic pressure changes on the sphere surface ( sz z ) and jumps at the TPCLs, and can be 
described as follows: 
   h s s s s air s sp z gu h z z gu z h        (6.14) 
where  u z  is the Heaviside theta step function ( 0u   if 0z   and 1u   if 0z  ).    
Two approaches can be applied to transform Eq. (6.11) into a useful expression suitable for 
calculating the forces. The fundamental approach uses the specific geometry of the objects, which 
are the two spheres, considered here. In the next section, we will apply and discuss this approach in 
calculating the horizontal components of the capillary and pressure forces. The second approach is 
generic and applicable to many geometries as demonstrated by Keller [25]. It uses the Gauss and 
Stokes theorems to establish the link of Eq. (6.11), via Eq. (6.3), with the volume of the water 
displaced by the deformed meniscus. Indeed, Keller’s proof shows that the forces on the right-hand 
side of Eq. (6.11) is equal to the weight of water displaced by the deformed meniscus and wetted 
surface of the spheres. Thus, we have 
𝐹𝑒𝑥 = ?⃗? ∙ (𝐹𝑐⃗⃗  ⃗ + 𝐹𝑝⃗⃗  ⃗) = 𝛿𝑔 {∮ ℎ(𝑥, 𝑦)𝑑𝑥 𝑑𝑦 + 2𝜋𝑅𝑝
3
𝑉𝑚
2+3𝑐𝑜𝑠?⃗? −cos3 ?⃗? 
3
}     (6.15) 
The integral in Eq. (6.15) over the volume, mV , of the deformed meniscus can be directly calculated 
from the numerical results of the YLE. 
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6.4 RESULTS AND DISCUSSION 
6.4.1 Experimental results of the force measurements 
Figure 3 shows a typical diagram of the measured force versus distance traveled by the 
translation stage. As our primary interest is in the motion of the particles into water, our analysis 
focuses on the advancement of the TPCL as depicted in Part 4 of the measured force versus distance 
until the detachment. Here we start the force analysis from the point that the measured force is equal 
to zero in the advancement process. 
 
Figure 3. An example of the measured force on a pair of spheres versus the distance traveled by the 
motorized stage. From air (Part 1), the pair of spheres jump into contact with the air-water interface 
(Part 2), are pulled into water (Part 3) by the wetting process, are pushed into water by the upward 
motion of the motorized stage until detachment (Part 4), where the stage stops (Part 5). The 
motorized stage then retracts back to the initial position through Parts 6-8. 
  
1 2 
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Figure 4. Sequential images of the advancing of a pair of spheres (2 mm in diameter) into water: 1) 
the first moment of the measured force being equal to zero at time t = 0 s, 2) the pair of spheres at t 
=5.58 s, 3) the pair of spheres at the moment of maximum measured force and t=13.2s, and 4) the 
pair of spheres at the last moment before detaching into water at t=16.14s. 
Figure 4 shows a set of typical images of the particle-meniscus interaction during the 
advancing of a pair of spheres into the liquid phase (Parts 4 and 5 of Figure 4). The images (2) and 
(3) show the evidence of the deformation from the side view. Also, the change in the contact angle 
hysteresis and contact line pinning on the two spheres are visually detectable. 
Figure 5 compares the experimental data of the measured forces for the single spheres and the 
pair of spheres during the advancing of the spheres into the liquid phase. The figure on the left-hand 
side shows the force-path curves of the two single spheres and their pair when the distances are 
offset to zero at the zero values of forces. Surprisingly, the maximum forces on the pair and the two 
single spheres combined are the same. However, the two force-path curves at different traveled 
distances are different. At the same measured force, the difference in the traveled distances can be 
best observed when the force-path curves are shifted to match the distances of the maximum forces 
and the detachment as shown by the figure on the right-hand side of Figure 5. As is shown, there is 
a meniscus difference between the pair of spheres and single spheres at the same supporting force.  
 
Figure 5. Comparison of measured forces pushing on a pair spheres (red diamonds) with the sum of 
measured forces pushing on each of the single isolated spheres (blue diamonds). The radius of the 
3 4 
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spheres was pR  = 1 mm. The inter-particle center separation distance was d = 1.4 mm. The left and 
right figures show the force-path curves with the traveled distance offset to zero force and 
maximum force of detachment, respectively. 
6.4.2 Modeling results and their comparison with the data of the force measurements 
Figure 6 shows a typical numerical solution of the 3D YLE described by Eq. (6.4) for the 
deformed meniscus around a pair of spheres. The numerical results show that the depth of the 
meniscus varies significantly. The numerical results also show the significant variation of the 
contact angle along the TPC which is supported by the experimental results as revealed by the 
images taken by the high-speed video microscopy (not shown). Figure 7 shows the numerical 
results for the contact angle obtained for the spheres in Figure 6. The contact angle can be 
calculated using the numerical results of the YLE as follows: 
    acos , , , ,s s s r s s sn x y h e x y h    (6.16) 
where  , ,r s s se x y h  is the unit normal vector of the spherical surface along the TPCL and  
 , ,s s sn x y h  is the unit normal vector of the deformed air-water surface along the TPCL. These two 
unit vectors can be calculated using the numerical results and Eqs. (6.17) - (6.18). 
 
   0
, ,
s s s
r s s s
p
x d i y j h H k
e x y h
R
   

 (6.17) 
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Figure 6. A typical numerical solution of 3D YLE described by Eq. (6.4) for the deformed 
meniscus  ,h x y  around a pair of spheres: Rp = 1 mm, d =1.469 mm, H0 = -1.427 mm, H1 = -1.112 
mm, H2 = -0.854 mm and  = 0.05
o
. 
 
Figure 7. Numerical results for the contact angle, as defined by Eq. (6.16), on the spheres as shown 
in Figure 6 versus the azimuthal angle of the TPCL (defined by the spherical coordinate system 
located at the particle center). The smallest (0
 o
) and largest (180
o
) azimuthal angles correspond to 
the smallest and largest values of sx   (x coordinate) of the TPCL, respectively. 
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Figure 8. An example of the fitting of the numerical results (red lines) of the YLE with the 
experimental results (yellow circles) for the air-water interface deformed by a pair of spheres with 
pR  = 1 mm, d = 1.467, H0 = -1.492 mm, H1 = -1.124 mm, H2 = -0.865 mm, H  = 0.068 mm,  = 
0.005
o
 and  the angle of rotation of 0.228°.Many points of the digitized interface are hidden for 
clarity. 
 
Figure 9. Comparison between the measured (red circles) force, exF ,  and the sum of the vertical 
components (blue squares) of the pressure and capillary forces, as described by Eq. (6.15), on a pair 
of spheres ( pR = 1 mm) being pushed into water versus the depth of particle centers.  
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 (6.18) 
Figure 8 shows an example of the fitting between the numerical solution of the YLE described 
by Eq. (6.14) and the experimental results for the meniscus of the air-water interface deformed by a 
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pair of spheres. The experimental menisci were obtained from the images obtained by high-speed 
video microscopy taken at the y = 0 plane. This fitting procedure was applied to quantify the 
deformed menisci and the forces associated with the interface deformation. Figure 9 shows the 
comparison between the measured force and calculated forces as described by Eq. (6.15) for the 
vertical components of the pressure and capillary forces. The calculated results agree well with 
experimental results. 
6.4.3 Film flotation results for the floatability of single and multiple particles 
Figure 10 shows the experimental results for the floatability of single particles and multiple 
particles obtained by the film flotation experiments. The results show that for a given particle size, 
there is a narrow interval of surface tension, above which the particles float and below which the 
particle sink. A critical surface tension can be defined 0% of floating particles as in the Zisman plot 
technique. The critical surface tension for 2 mm spheres (35 mN/m) is larger than that of 1.2 mm 
spheres (27 mN/m). For spheres with the same diameter, single spheres showed a lower stability 
and detached from the air−liquid interface at higher surface tension, while multiple spheres remain 
stably floating at the interface. These results of film flotation seem to support the results obtained 
for the forces on a pair of spheres, i.e., the interparticle lateral interactions play an important role in 
stabilizing the floating particles and preventing the particles detaching from the air-liquid interface. 
It is noted that the maximum forces on the pair of spheres and the two single particles are the same. 
 
Figure 10. Percentage of floating (multiple and single) glass spheres versus surface tension of 
water-ethanol mixtures. The legends show the diameter of the spheres. 
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It is also noted that, in the experiments of film flotation, no agglomeration of particles was observed 
as reported by Nutt [8] who investigated the detachment of multiple floating particles on a curved 
air-water interface contained in a test tube in the centrifugal force field (Nutt observed the 
formation of aggregates of particles from their single layer raft at the rotating speeds of the tube 
approaching the critical speed of particle detachment). In place of the aggregates of particles, we 
observed the formation of the hexagonal structure of the floating particles, i.e., each particle was 
symmetrically surrounded by six other particles. This hexagonal structure has also been reported in 
the literature [29]. However, the effect of surface tension on the difference in the percentage of 
floating of multiple and single particles (Figure 11) has not been available and is intriguing and 
counterintuitive because many particles (a big weight) can float better than a single particle (a small 
weight). This enhancement of the floatability of multiple particles can be explained by the lateral 
interaction and proved by experiments and modeling using a pair of floating particles as an example 
discussed below. 
6.4.4 General discussion  
The experimental results evidently show that the inter-particle lateral interactions are 
important for supporting the floatability of multiple particles at the air-water interface. In this 
section, our discussion focuses on quantifying the lateral interactions between the particles. The 
lateral force, xF , can be calculated as follows: 
 x cx px c pF F F i F F      (6.19) 
The capillary force as defined by Eq. (6.12), where 
2sin sp s
d
dl R d
d

 

   [25] can be 
described as follows: 
2
2
0
sin sc p s
d
F R d
d
 
  

 
 (6.20) 
The vector of surface tension in Eq. (6.20) is calculated as follows:
    sin cosr s se b       , where the unit binormal vector is defined by rb t e  . The 
unit vector, t , tangent to the TPCL at a point  s    can be calculated as the ratio of the 
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derivatives of its radius vector to its arc length,    / / /t dr d ds d  , where   is the variable of 
parameterization and  sin cos sin sin cosp s s sr R i j k       . Eq. (6.20) gives 
2
2
2
0
sin cos sin sin
                                                  cos sin cos sin cos
s
cx c p s s
s
s s
d
F i F R
d
d
d
d
 
    


     


 
      
 
 
  
  

  (6.21) 
The surface element in Eq. (6.13) is equal to 
2 sinpdS R d d   . Performing the integration 
of Eq. (6.13) over the particle surface gives 
  
2
3
0 0
2
0
0
3 cos sin 3 2 sin 3 cos
6
s s s pp p s
p
x
R g
F H HF Ri H d

         
 (6.22) 
Both Eqs. (6.21) and (6.22) can be numerically integrated using the numerical results of the 
YLE and the experimental results for the different values for the three depths: H0 , H1 and H2. In 
these numerical integrations, the polar angle, s , of the TPCLs depends on the azimuthal angle,   
as described by Eq. (6.8). The contact angle,  , also depends on the azimuthal angle,   as 
exemplified in Figure 7. The results for the lateral forces are shown in Figure 11. Similar to the 
vertical forces on the pair of spheres shown in Figure 9, the lateral forces increases with increasing 
the absolute values of the depth of the particle center (i.e., increasing interface deformation). The 
results also show that the lateral capillary force dominates the lateral attraction. This evidence 
explains the significant effect of adding ethanol on the floatability of particles on the surface of 
water-ethanol mixtures as shown in Figure 10.  
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Figure 11. Numerical results of the lateral forces on each of spheres of the pair versus the depth of 
the particle center, 0H . The lateral capillary and pressure forces are numerically calculated using 
Eqs. (6.20) and (6.21), respectively. 
6.5 CONCLUSION 
In this paper, we have investigated the floatability of spheres at the water surface theoretically 
and experimentally. In the experiments, we discovered the different floating behaviors of single 
spheres and multiple spheres in film flotation, i.e., the multiple spheres show higher floatability and 
stability than the single spheres. We also used a motorized lab jack to push the water free surface 
against single spheres and their pairs suspended to a force sensor to obtain the vertical supporting 
force versus distance traveled by the (un-deformed) water surface. We numerically solved the 3D 
YLE for the pairs of spheres and applied the generic approach to calculating the vertical force on 
the pairs of spheres as the weight of liquid displaced by the deformed meniscus and the spheres. 
The numerical solutions were also used to quantify the experimental results obtained by high-speed 
video microscopy. The numerical results for the vertical force on the pairs of spheres agreed with 
the experimental results. Our theoretical analysis and experiments have revealed the important role 
of the inter-particle lateral interaction in governing the stability and detachment of floating spheres. 
Overall, our research shows the important role of the lateral capillary interactions in determining the 
interfacial behaviors of multiple floating objects, which have advanced our understanding of the 
stability and detachment for floating particles.  
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Chapter 7 
Conclusions and recommendations for future research 
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7.1 CONCLUSIONS 
This thesis has investigated the stability of particles attached to interfaces. Specifically, it 
considered the effect of contact angle hysteresis caused by surface roughness, the Gibbs Inequality 
condition (GIC) and lateral interaction. The achievements can be summarized as follow:  
(1) The literature review summarized conventional force analysis theory of the stability and 
detachment of bubble-particle aggregates. A research gap was identified in that contact angle 
is not constant but changes due to surface roughness, particle shape, and lateral interaction. 
The available theories explaining contact angle hysteresis were reviewed including Wenzel 
and Cassie's theory and the Gibbs Inequality theory. It is recommended that researchers 
reconsider the important role of contact angle hysteresis in the flotation process, especially its 
significance in stabilizing particle attachment during the detachment procedure. Though there 
are qualitative results which reveal the effect of shape and surface roughness on the success of 
flotation, quantification analysis is required to understand the fundamentals of the effect of 
contact angle hysteresis on floatation behavior. 
(2) A novel algorithm for solving the non-linear Young-Laplace equation and analyzing the local 
deformation of the air-water interface caused by a floating sphere was developed. The novel 
algorithm was shown to be superior (stable, fast and accurate) to the shooting methods. This 
algorithm was applied successfully in the analysis to best fit the theory with the experimental 
meniscus profiles captured by a high-resolution camera and transformed into coordinates. The 
quantification of the deformation yielded the contact radius and angle of meniscus inclination 
at contact, which could be used to accurately determine the contact angle between the 
deformed meniscus and the spherical surface. 
(3) Contact angle measurements of a single floating sphere have been studied extensively to 
develop a method to allow a quick indication of surface hydrophobicity. Using the algorithm 
developed, the contact angle, θ, can be obtained precisely by solving the Young-Laplace 
equation. The results showed that there is not a constant value of contact angle even for a 
single sphere, and there is a contact angle distribution due to surface morphological flaws. 
(4) Contact angle hysteresis due to edges, known as the GIC, was investigated by conducting the 
detaching process of truncated spheres from an air-water interface both experimentally and 
theoretically. The theoretical model was developed based on the force analysis method with 
consideration of pinning of the three-phase contact at the edges under the GIC. The 
experimental results obtained by a force sensor agreed very well with the theory. It revealed 
an important role of the GIC in governing the stability and detachment of floating objects. In 
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this case, the conventional theories on the floatability of spheres are no longer valid when the 
truncated angle exceeded the critical angle. This outcome indicated that it is the sharp edges 
of particles such as truncated spheres which play a favorable role in facilitating attachment 
stability in systems or processes designed to achieve the flotation separation of hydrophobic 
particles using air bubbles. 
(5) Different floating behaviors of single spheres and particle aggregates were explored using 
surface floatation, which showed that a group of spheres possessed higher floatability and 
detached from the liquid surface at a lower surface tension. Following this the stability at, and 
detachment of a pair of spheres within a certain distance from, the water free surface was 
investigated theoretically and experimentally. The 3D Young-Laplace equation was solved 
numerically by taking contact line pinning into account, thus determining the deformation of 
the meniscus and calculating the total force acting on the pair of spheres. The force measured 
by a force sensor during the detachment process was in good agreement with the calculated 
results. The results demonstrated the importance of inter-particle interaction in governing the 
stability of floating spheres.  
7.2 RECOMMENDATIONS FOR FUTURE RESEARCH 
This study represents an ongoing research effort into quantifying the detachment process. 
Despite the substantial research findings in this area, there remain more challenges to fully quantify 
the detachment of real particles in flotation and develop a proper method to improve the flotation of 
coarse and composite ore particles. For future research, the following recommendations in respect 
of surface chemistry are made: 
(1) The challenge for the future is to be able to quantify the surface roughness of real particles 
and correlate it specifically with contact angle hysteresis, which can be applied to practical 
cases.  
(2) Quantification of particle shapes is necessary for analyzing the floatability of real particles. 
In this respect, there is a demand for a study on comminution process to investigate how to 
generate the best floatable particles for separation by flotation.  
(3) The behavior of particles in flotation also relies on chemical regimes, especially the 
collectors, as chemical adsorption affects the surface hydrophobicity of the particles. Further 
study could focus on the selection of appropriate collectors to optimize the flotation 
behaviour of specific types of ore particles. 
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APPENDICES  
 
Appendix includes supplementary information for all the data indicated as “data not shown” in 
Chapter 3 and Chapter 5, and the origin and purity of the bacterial strains. 
 
8.1  STATISTICAL RESULTS OF THE NONLINEAR FITTING OF THE MENISCUS 
(shown in Figure 6, Chapter 3)  
Table 1. Mathematical parameters of the fitting results by Levenberg–Marquardt method of Matlab 
 Left meniscus Right meniscus 
Least Squares Estimates of 
Parameters 
0.6901 mmcr   
o12.3139 
 
0.6952 mmcr   
o11.8604 
 
Approximate Confidence 
Limits 
-0.0180 -0.2472 -0.0193 -0.2450 
Correlation Matrix of 
Parameters Estimated 
1.0000 0.0212
0.0212 1.0000  
1.0000 0.0244
0.0244 1.0000

  
Correlation Coefficient  
2R = 0.9945 
2R = 0.9942 
 
8.2 FURTHER DETAILS OF Eq. (5.3) (Chapter 5) 
Three types of adhesive force will be introduced here which facilitate the particles floating 
stably on gas-liquid interface. Moreover, in the quiescent situation, gravity force is the only one that 
impedes the stability of the floating particles. We will establish the force analysis of three phase 
contact on the spherical surface and flat surface respectively (referring to Figure 1 in manuscript).  
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8.2.1 Force analysis for the triple points on the spherical surface of the truncated sphere 
- Capillary force  
It can be calculated by integrating the surface tension with respect to the perimeter of the 
triple contact line. Due to the rotational symmetry along the vertical axis, the horizontal component 
of the capillary force vanishes and only the upward (vertical) component remains (Figure 1). It 
gives  
p2 sin
p
0
sin dl=2 sin sin
R
cF R
 
      
  (8.1) 
where  is the gas–liquid surface tension, pR is the particle radius, and the length, 2 sinpR  , of 
the three-phase contact with radius. β is the angle of projection of the surface tension to the upward 
(vertical) direction.  
- Buoyancy  
3
3(2 3cos cos )
3
p
b
R g
F
 
   
 (8.2) 
where 
3
3(2 3cos cos )
3
pR
   is the volume of the liquid phase displaced by the particle, δ is the 
liquid density, g is the gravity acceleration. 
- Hydrostatic pressure (acting on the area enclosed by the triple line and pointing upward) 
 
2
sin ( )p pF R H g     (8.3 
where  H  , as a function of apical angle, is the depth of the deformed gas–liquid interface at the 
three-phase contact line which can be obtained by solving Young-Laplace equation. 
8.2.2 Force analysis for the triple points on the planar surface of the truncated sphere  
- Capillary force cF  
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2 cos tan
0
sin dl=2 cos tan sin
pR
c pF R
  
         (8.4) 
- Buoyancy bF  
3
3(2 3cos cos )
3
p
b
R g
F
 
   
 (8.5) 
-Hydrostatic pressure  
2( cos tan )p pF R H g     (8.6) 
8.2.3    Force balance on the truncated sphere 
At equilibrium, the upward forces are balanced by gravity (pointing downward) of the sphere, 
leading to 
c b p gF F F F    (8.7) 
where the gravity of the sphere is calculated as Fg = mg and m is the mass of the sphere. Eq. (8.7) 
for both the triple positions on the spherical and planar surfaces of the truncated sphere can be 
jointly described by Eq. 8.3 given in the manuscript.  
8.3 THE EFFECT OF PARTICLE SIZE (Chapter 5) 
The adhesive force supporting the stability of the sphere is described as follows: 
       
3
2
3
ad p p=2 sin sin sin + 2+3cos -cos
3
pR g
F R R H g
 
            (8.8) 
This equation shows that the adhesive force nonlinearly increases with the particle size. This 
nonlinear dependence is shown for the maximum of the adhesive force (i.e., the tenacity) in the 
below diagram. A quantitative analysis can be done by using the Bond number as shown in the 
following. 
Dimensionless form:  
     
2
2 3
ad p p/2 =sin sin sin / 2 + 2+3cos -cos
6
pR g
F R R H g

          

   (8.9) 
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Taken Bond number
2
p /Bo R g  , we obtain 
 
 
 
2
3
ad p
p
sin
/2 =sin sin + 2+3cos -cos
2 6
Bo H Bo
F R
R
 
         (8.10) 
For small spheres (i.e., Bo<<1), Eq. (8.10) shows that capillary force is the dominating force 
governing the stability of the sphere. 
